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Preface

Anyone who has never made a mistake has never tried anything
new! —Albert Einstein (1879-1955)

For every problem, there is one solution which is simple, neat
and wrong! —H. L. Mencken (1880-1956)

This collection of review articles is devoted to new developments in
the study of chaotic dynamical systems with some open problems and
challenges. The papers, written by many of the leading experts in the
field, cover both the experimental and theoretical aspects of the subject.
This volume presents a variety of fascinating topics of current interest and
problems arising in the study of both discrete and continuous-time chaotic
dynamical systems. Exciting new techniques stemming from the area of
nonlinear dynamical systems theory are currently being developed to meet
these challenges. This volume presents the state-of-the-art of the more
advanced studies of chaotic dynamical systems.

Frontiers in the study of chaotic dynamical systems with open problems
is devoted to setting an agenda for future research in this exciting and
challenging field.

Zeraoulia Elhadj
Julien Clinton Sprott
October, 2010
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Chapter 1

Problems with Lorenz’s Modeling and the Algorithm of
Chaos Doctrine

Shoucheng OuYang' and Yi Lin?3
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Chengdu University of Information Technology
Chengdu, Sichuan 610041, PR China

E-mail: ouyangsc2000@Qyahoo.com.cn

2 Department of Mathematics and Systems Science, College of Science
National University of Defense Technology
Changsha, Hunan, People’s Republic of China
3 Department of Mathematics, Slippery Rock University
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E-mail: Jeffrey.forrest@sru.edu

In this paper, we first discuss the problems that exist in the modeling
used in Lorenz’s chaos theory by employing formal mathematical logic
and the underlying physical meanings. Then we analyze in detail the
problems found in computing Lorenz’s model by employing the com-
monly employed schemes of computational mathematics. Our results
indicate that the resultant chaos doctrine is not the chaos that appears
in the physical events as Lorenz described; instead it involves the error
values of the mathematical differences of quasi-equal quantities, produc-
ing the apparent chaos. Therefore, the problem of how to comprehend
indeterminacy emerges.

Keywords: Mathematical model, nonlinearity, chaos, computational
scheme, computational inaccuracy of quasi-equal quantities, indeterminacy.
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2 S. OuYang and Y. Lin

1.1. Introduction

Lorenz’s chaos doctrine was initially published in the early 1960s [Lorenz,
1963] but did not receive much attention in the area of meteorology in the
following twenty some years; especially, the front-line forecasters did not
think much of it for the following reason:

Problem 1.1. What is the fundamental reason behind the fact that the
conventional theories of meteorology cannot practically resolve the problem
of forecasting the forthcoming appearance of weather systems?

Because of this reason, the front-line forecasters do not really follow these
meteorological theories. Their effective forecasts are mostly based on their
empirical systems developed for the observed order of “before and after”
naturally existing in the evolutions of events, learned from first-hand expe-
rience. That is, in the field of meteorology, there is the problem of theories
not agreeing with the practice. Based on the fact that all the theoretical re-
searchers in meteorology from around the world cannot practically forecast
weather, we have established the blown-up theory of evolution [OuYang,
McNeil, & Lin, 2002; Wu & Lin, 2002] and the prediction method of dig-
itized information [OuYang, Chen, & Lin, 2009; Lin & OuYang, 2010] by
seriously considering the empirical experiences of the front-line forecasters.
In other words, in the field of meteorology there is a major disagreement
between theories and practically useful methodologies; and front-line fore-
casters in general do not recognize the validity of the system of conventional
theories. (For the convenience of the reader and to make this presentation
self-contained, let us briefly explain the two theories just mentioned here.
First, the blown-up theory [Wu & Lin, 2002] is initially established by our
joint effort based on OuYang’s 50-years of practical success with his timely
predictions of zero probability disastrous weathers. It is a systems theory
focusing on whole evolutions instead of local, relatively static phenomena.
What is found, along with many other important results, is that math-
ematical nonlinearity stands for eddy motions, which naturally make all
the scientific tools based on the concepts of continuity and differentiability
over Euclidean spaces generally invalid. Also, it is discovered that dis-
astrous weather systems form in the discontinuous regions between eddy
movements of the atmosphere. That explains in general why when one
employs deterministic means to investigate evolutions, one most likely ex-
periences chaos or stopped computers due to numerical overflows. Secondly,
the prediction method of digitized information is developed by us to take
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advantage of the widely available data, especially those that are automati-
cally collected in meteorology, on our new understandings of the concept of
time. By taking time out of the computation, and by converting nonstruc-
tural data into structures in relevant phase spaces, forthcoming changes in
structures can be readily seen and predicted ahead of the appearance of
disastrous weather systems, as seen in [Lin & OuYang, 2010].)

About twenty years after Lorenz’s chaos doctrine was initially published,
the fact that out of the “deterministic” equations of the chaos doctrine one
produces the “indeterminate” chaos was warmly embraced by the then-
modern community of theoretical physics, which was then totally engulfed
in the heat wave that “God plays dice,” leading to the overheated discus-
sions of chaos theory. This theory was even seen as epoch-making in theo-
retical physics throughout the community of physics. At the very moment
when the chaos theory was seen as a raging wild fire, to satisfy our stu-
dents’ demands due to our successes in predicting (near-) zero-probability
disastrous weather systems and publicized disagreement with the conclu-
sions of chaos theory, we organized research funds and man-power to take
a closer look at the problem of nonlinearity, Lorenz’s work related to chaos,
and his followers” works by employing various computational schemes on
their well-discussed models [OuYang & Lin, 1997; OuYang, 1998; Lin et
al., 2001]. In order not to make this presentation too long, in the following
we will only focus on the problems existing in the initial model that Lorenz
himself proposed and how he computationally obtained the phenomenon of
chaos. When Lorenz proposed his chaos theory, he did not indicate that
nonlinearity stands for the following problem of rotationality [OuYang, Mc-
Neil, & Lin, 2002; OuYang, Chen, & Lin, 2009; Wu & Lin, 2002; Lin &
OuYang, 2010]:

Problem 1.2. It is shown in [Lin, 1998; Lin, 2008; Lin & OuYang, 2010]
that, in terms of physics, mathematical nonlinearity stands for eddy motions
in curvature spaces. Then, how can anyone study eddy motions and their
interactions accurately by only employing the linear theories developed in
the system of numbers and by limiting oneself only within Euclidean spaces
made up of linear axes or dimensions?

In the past hundred some years various propositions of randomness have
been derived out of the calculus of mathematical logic; and the system of
classical mechanics cannot fathom irregular events. So, it is natural for
people to think about employing stochastic systems for them to under-
stand matters that seem to be by chance or random. Additionally, Lorenz’s
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chaos theory stems from some nonlinear equations of the classical system
of dynamics; and in the past one hundred years due to the employment
of mathematical logic, the classical system of dynamics had been consid-
ered as the fatalism of deterministicity. Therefore, it seems that by using
the “indeterminacy,” produced out of the “deterministic” chaos theory, one
can completely replace the Newtonian realm by that of a “probabilistic
universe”.

1.2. Lorenz’s Modeling and Problems of the Model

The form of Lorenz’s model comes from models of physics. However, in
essence it is a mathematical model established by using parametric dimen-
sions. In other words, the model itself does not comply with the underlying
physical meanings. In particular, Lorenz’s model [1963] is established on the
basis of Saltzmann’s [1962] convection model of a small scale atmosphere.
However, Saltzmann’s model is only a simplified small scale X — Z spatial
convection model, suffering from the major problem of assuming the atmo-
spheric density to be constant. For problems about weather changes, even
for large scales one cannot assume that the atmospheric density is a con-
stant. Evidently, if the atmospheric density is not a constant, Saltzmann’s
convection model does not hold true. This is because when the atmospheric
density is not constant, Saltzmann’s convection model becomes a problem
of turbulences of rotational movements under the effect of stirring forces
[Wu & Lin, 2002] so that it can no longer be established using the means
of the first push. When we initially started to investigate Lorenz’s model,
we chose not to participate in the analysis of the so-called problem of chaos
theory by pointing out the fact that Saltzmann’s convection model does not
contain any practical significance and the consequent model as modified by
Lorenz is even further away from the reality. However, in the early 1980s
the community of physics vigorously embraced chaos theory emphasizing
Lorenz’s model, which later spilled over to the area of meteorology. This
historical fact indicates that even in the 1980s, the scientific community still
did not seem to accept that mathematical models cannot be “simplified” to
such a degree that the underlying physical meanings are totally lost. That
is, the Saltzmann’s [1962] convection model is the following:

Up + Uly + WU, = —plom + vAu
wy + uw, + ww, = —piopz — g7+ vAw (1.1)

T +umy +wr, = NTzw+KA7r
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where u and w are respectively the speed components along the X and Z
directions, m = pLo’ po is a constant, N? = %% + 2—2‘2 is the stratification
parameter, and v and K, respectively, are the viscosity and heat-conduction
coefficients. All the subscripts stand for the corresponding partial deriva-
tives with A = 88—;2 + g—; being the Laplace operator. Evidently, Eq. (1.1)
is a mathematical equation of the first-push system of classical mechanics.
Because pg is a constant, its acting force is merely a push. This end implies
that Saltzmann’s [1962] atmospheric convection model does not comply
with the concept of a stirring force of the solenoidal term of the circulation
theorem of the meteorological science [OuYang, McNeil, & Lin, 2002; Wu
& Lin, 2002]. That is, the left-hand side of Eq. (1.1) represents the nonlin-
earity of the underlying movement, which should correspond to the nonlin-
earity of the stirring force of the solenoidal term. In other words, Eq. (1.1)
is already a mathematical model that does not agree with physical reality,
where the atmospheric density changes drastically in the vertical direction.

As is well known, the problem of severe weather convections has been a
difficult issue for the front-line meteorologists [Lin & OuYang, 2010]; and
it is in the vertical direction that severe convections possess their strong
characteristics. In Eq. (1.1), N2 involves the problem of vertical stratifica-
tion of the atmosphere. For convective weather, N2 cannot be treated as
constant. When attempting to resolve the problem of convective weather,
one has to pay attention to the changes of the atmosphere in the vertical
direction [OuYang, McNeil, & Lin, 2002; OuYang, 1998].

No doubt, the ultimate goal of scientific research is to describe physical
reality and to develop means for resolving practical problems. However,
model (1.1) itself contains the problem of inconsistency. Although Lorenz
refers to Eq. (1.1) as a nonlinear model, in terms of the fundamental con-
cept of nonlinear models, Eq. (1.1) does not represent a feasible nonlinear
model. Even though it is mathematically classified as a weakly nonlinear
model, that does not mean that such a mathematical term can truly rep-
resent reality. Due to the rotationality explicitly contained in nonlinearity
[OuYang, McNeil, & Lin, 2002; OuYang, Chen, & Lin, 2009], one has to
consider what Lorenz did as mathematical play.

Lorenz further introduces a flow function such that

u=V,and w= -V, (1.2)
Substituting Eq. (1.2) into Eq. (1.1) leads to
{ (AW), + J (¥, AV) = —gm, + vA2W

m+J (U, m) = 2w, + KAx

(1.3)
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where J(,) stands for the Jacobian, and all other symbols are the same
as in Eq. (1.1). Although similar situations have been treated in such a
fashion in classical mechanics, that does not mean that doing so is always
reasonable and correct. Based on the basic concepts of the circulation theo-
rem, rotational movements come from eddy sources. That is, the left-hand
side of the first equation in Eq. (1.3) stands for a rotational vorticity, which
cannot correspond to the push of a gradient force of the right-hand side.
Therefore, the essence of Eq. (1.3) is different from that of Eq. (1.1). Even
if we did not know the rotationality naturally contained in nonlinearity,
we would still have to realize that pushes could only correspond to elastic
effects instead of eddy effects. Therefore, in the conventional research of
mechanics, there has been a problem of confusing material rotationality
with material irrotationality in the name of quantitative formality. Here,
by quantitative formality, we mean the formality of quantities (or numbers)
that can be employed uniformly across the board in all scientific investiga-
tions with specifics ignored. For instance, behind each collection of objects,
there is a count (a number) of how many of the objects there are. However,
mathematical manipulations of these counting numbers do not necessarily
reflect the physical properties of the objects involved.

By following the widely employed method of spectral expansions on the
flow function and the non-dimensionalized density 7, Lorenz obtains

U =42 (n +h )Xsinkmsinnz

T = ﬁ("g;’; )Ycoskxsinnz -7

(7’ (1.4)

W sin 2nz

where k and n stand for the wave numbers along the X- and Z-directions,
X, Y and Z the coefficients of the spectral expansions, respectively repre-
senting the intensity of the movement, the strength of the linear stratifica-
tion, and the strength of the nonlinear stratification. To this end, there is
no doubt that it involves the problem of satisfying the required conditions
of using the spectral expansions. It is because for successfully employing
spectral expansions, one has to first guarantee the functions to be expanded
have continuous first-order and second-order derivatives. Now, since the
left-hand side of the first equation in Eq. (1.3) stands for a problem of rota-
tionality of the nonlinearity, and rotations possess such a duality that the
original function representing the interaction between the co-existent con-
vergent and divergent spins are not guaranteed to be continuous. Therefore,
the required guarantee of continuity of the first and second order derivatives
is lacking.
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Next, the central problem of spectral expansions is that the orthogonal-
ity used in Fourier analysis can eliminate quantitative singularities, where
a quantitative singularity stands for a moment for the underlying quantita-
tive variable to approach infinity. However, singularities themselves are the
exact mathematical characteristics of Eq. (1.3). When these singularities
are eliminated, the mathematical properties of the original model will have
to be altered. With this understanding, one can see that Eq. (1.4) not only
cannot represent Eq. (1.3), but also represents a problem of falsification.
In other words, the mathematical models in Egs. (1.3) and (1.4) have noth-
ing to do with each other so that the consequent works no longer mean
anything relevant.

Thirdly, Lorenz’s parametric substitution of stratification can be said to
be strange and unexplainable as either a mathematical or physics problem.
In particular, it involves the following problems:

(1) The physical quantity N? of the stratification parameters is a constant
in both Egs. (1.1) and (1.3). However, in the expanded form in
Eq. (1.4), this constant is split into two variables Y and Z, re-
spectively representing the strengths of the linear and nonlinear
stratification. Because in general, linear and nonlinear effects can-
not cancel each other, in Eq. (1.4), the constant N2 becomes a
variable so that the model in Eq. (1.3) is not equivalent to that in
Eq. (1.4).

(2) The originally constant physical quantity of the stratification param-
eter becomes two variable physical quantities Y and Z. Even ac-
cording to the traditional methods of treatment, what is done here
cannot be easily explained in terms of physics and can be seen
as a misuse of mathematical parametric dimensions. In order to
distinguish between linearity and nonlinearity, one can surely ap-
ply the first-order term and higher-order term of a certain physical
quantity instead of employing two physical quantities. In terms
of physics, using two variable physical quantities to describe one
constant physical value can be seen as a work of quantification
unique to Lorenz. Such a desire to employ quantification is rare in
the history of modern science. No doubt, for such a paper to gen-
erate so much interest, there must be some correspondingly very
important reasons. Note: Among many reasons is the desire of the
community of physicists to pursue the concept of a probabilistic
universe.
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(3) Evidently, manipulations of mathematical physics equations are made
possible by employing the technique of non-dimensionalization of
physical quantities. What is worth noticing is that the symbol
7 in the second equation of Eq. (1.4) is a non-dimensional quan-
tity. Thus the right-hand side of the equation should also be non-
dimensional. However, the variable g does have dimensionality,
and so do the corresponding stratification quantities Y and Z. No
doubt, the dimensionality of the same physical quantity has to be
the same. However, the physical quantity of stratification is re-
spectively represented by Y and Z linearly and nonlinearly so that
different dimensions have to be introduced due to the differences
in the involved linearity and nonlinearity. Therefore, there is a for-
mal logical contradiction in Lorenz’s non-dimensionalization. (In
other words, by analyzing the units involved, the second equation
in Eq. (1.4) cannot hold true). Evidently, when one substitutes a
constant physical quantity by using two variable physical quantities
for representing respectively linear and nonlinear stratifications,
one must ignore a few formal logic problems. For a more detailed
discussion of non-dimensionality, see [Lin & OuYang, 2010, pp.
89-93].

Since Lorenz comes from the community of meteorology, he must have
already known that nonlinearity implies solenoidal effects as pointed out
by V. Bjerknes’s circulation theorem of the meteorological science, causing
the appearance of rotational eddy currents in the atmosphere and oceans.
What is ironic is that the original model (Eq. (1.1)) of Lorenz’s work is
proposed by Saltzmann in 1962. That is, neither Saltzmann nor Lorenz
has followed the circulation theorem, and both of them have ignored the
essential differences between wave motions and eddy motions.

From the discussions given so far in the previous paragraphs, the reader
should see that in order to employ available mathematical techniques in the
study of modern science, some of the contemporary scholars have pushed
beyond the accepted boundaries. This end also explains why in the system
of modern science all disturbances are treated as wave motions so that avail-
able mathematical techniques can be “beautifully” employed without con-
sidering the consistency of formal logic of the mathematics involved while
ignoring the essential problem of disregarding the fundamental underlying
events. This realization also clearly suggests that the physics community
was interested in chaos theory more as a way of explaining of a probabilis-
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tic universe than of understanding what physical chaos stands for. Lorenz
substitutes Eq. (1.4) into Eq. (1.1) and lets 7 = 72h~2 (1 4+ o?) Kt be ¢ to
produce the following mathematical model of his chaos theory:

X' =—0X+0Y
Y =rX Y - XZ (1.5)
7' =XY —-bZ

where A’ = % (A= X,Y,Z), o = vk~" is the Prandtl number, and r = Zo

is the Rayleigh number with R, = gah?ATv 'K~ R. = a2 (1 + a2)3
and the threshold values R, = # and b =4 (1 + 02)71. Here o stands
for the coefficient of heat expansion, h the plane distance, AT the tem-
perature difference, and all other symbols are the same as before. In the
computations of Lorenz’s chaos theory, b = %, o =10, and r = 1 — 233.5.
That is, the r-value can be varied. Equation (1.5) is the first mathematical
model of chaos in Lorenz’s chaos theory. Its limitations as a physical model
can be summarized as follows:

(1) Because Saltzmann’s atmospheric convection model in Eq. (1.1) de-
scribes the form of fluid movement using partial derivatives, it is referred
to as a model written in the Euler language. If total differentials are em-
ployed, then the resultant model can no longer be seen as an expression
in the Euler language. For instance, if the total differentials are employed,
the first equation in Eq. (1.1) would become

du 1

— = U+ U Uy F U Uy F WU = ——Dy + VAU

dt Po
which is known as an expression in the Lagrange language. However, when
compared to the first equation in Eq. (1.1), this expression has an addi-
tional term representing the component in the Y-direction. That is why
Saltzmann’s model in Eq. (1.1) is seen as an Euler model of a simplified
N-S equation in the Euler language. And in the process of simplification,
the parameter pg is introduced and v is fixed to be constant.

Also, the linear form of the dissipative term in the N-S equation itself
suffers from the problem of whether it agrees with the underlying physical
reality. The details are omitted here except we like to point out that any
realistic dissipative process is an effect of rotational eddy currents so that
the corresponding mathematical model has to be nonlinear. That is, there
is a need to reconsider the problem of mathematical modeling in classical
fluid mechanics developed since the N-S equation was initially established.
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(2) Evidently, when the atmospheric density in Eq. (1.1) is taken as a
constant (p = po), the mathematical properties of the N-S equation are
altered so that the physical significance of the external forcing term is dis-
torted. That is, when it is assumed that p = pg, we should not think the
equation is “simplified.” Instead, what is done is to replace the original non-
linear source of stir by a fabricated source of push. That is why both Saltz-
mann’s Eq. (1.1) and Lorenz’s Eq. (1.3) have continued the tradition with-
out confronting the essential difference between nonlinearity and linearity.

(3) The familiar method of spectral expansion is generally used to ma-
terialize quantitative stability by eliminating quantitative singularities (by
making use of the orthogonality of Fourier expansions). However, quan-
titative instability and singularity are the fundamental characteristics of
nonlinearity.

In terms of quantitative analysis, all possible changes are

d_a: =0 d—x — 00 d—x —0

dt T dt T dt

where x stands for a quantity with time ¢ temporarily being the Newtonian
numerical time. For a discussion of what time is, see [OuYang, McNeil,
& Lin, 2002; OuYang, Chen, & Lin, 2009; Lin, 2009]. Let us now look at

these three cases one by one:

(1 fl—f = 0 stands for quantitative invariability under the concept of sta-
bility. It can also be seen as such a problem that summarizes the
essence of modern science, and becomes naturally the initial value
stability (or known as an initial-value automorphism) of the well-
posedness conditions of the modern mathematical physics equa-
tions. It is exactly so that it reveals the essence of how the system
of classical mechanics ignores changes in materials [OuYang, Mec-
Neil, & Lin, 2002; Bergson, 1963; Koyré, 1968; Prigogine, 1980].

(2) The second scenario % — oo corresponds to the concept of quantita-
tive instability, also known as either quantitative unboundedness
or quantitative singularity. However, singularities correspond very
well with transitionalities in curvature spaces [OuYang, McNeil, &
Lin, 2002; Lin 2009]. Thus eliminating quantitative singularities is
getting rid of transitionalities in evolutions. In other words, it is
exactly because of the quantitative singularities that mathematical
properties of nonlinearity and the transitionalities existing in the
evolutions of events are revealed [OuYang, McNeil, & Lin, 2002;
Lin, 2009].
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(3) The third scenario ‘fi—f — 0 does not have any substantial difference
from scenario (1). It only emphasizes the process and existence
of such mathematical equations that cannot be accurately com-
puted due to the involvement of quasi-equal quantities [OuYang,
McNeil, & Lin, 2002]. The inaccurate computations of quasi-equal

quantities are vividly embodied in Lorenz’s chaos.

1.3. Computational Schemes and What Lorenz’s Chaos Is

The core of computational schemes is about how to deal with quantitative
instability. To this end, [OuYang, McNeil, & Lin, 2002; Lin et al., 2001]
have done comparative analysis on various computational schemes, uncov-
ering the fact that nonlinear quantitative instabilities are about explosive
quantitative growths and that the results of the unstable direct difference
scheme are much closer to the analytic solutions than those produced by
other computational schemes. To this end, let us first rewrite Eq. (1.5)
using the direct difference scheme as

Xns1=Xn+ (—0X, +0Y,) AT
Yoot = Yo+ (rXp + Yo — XpZ0) AT (1.6)
Lpt1 =2y (XnYn — bZn) AT

where A7 stands for the length of the time steps used in the integral over
time, and the subscripts n and n + 1 represent the variables’ values at the
time moments n and n + 1, respectively.

Evidently, either Eq. (1.5) or (1.6) is a system of mathematical equations
in three unknowns, containing both linear and nonlinear terms. Those
familiar with numerical computations will see that Eq. (1.6) represents a
trajectory of reciprocating double spirals in the phase space.

By continuing the terminology of the well-posedness of the traditional
mathematical physics equations, Lorenz particularly emphasizes the initial-
value sensitivity and considers Eq. (1.6) as an example of such. However,
computation of nonlinear products of quantities (with non-small effective
values) is sensitive not only to the initial values, but also to any of the
variables involved, including time steps and parameters.

If in Eq. (1.6) we let the initial value be 7 = 0 and take X = 3,Y = 2,
and Z = 4, then we have the following:

(1) The integral results using non-smoothing schemes with relatively
small time steps: If 7 = 0.02, then the computational outcomes of the
direct difference scheme are given in Fig. 1.1. What should be noted is that
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the direct difference is an unstable scheme in traditional computational
mathematics. However, when the time steps are relatively small, one can
also obtain the same results as those produced by smoothing schemes.

Note: One of the reasons why we stopped the computation in Fig. 1.1
at the step of 1 x 107 was that at the time we did the initial calculation, the
speed of the computer was quite slow. A second reason was our desire to
emphasize the fact that the so-called sensitivity is not merely limited to the
initial values; instead it was also sensitive to the time step . And when the
time step is small, it is equivalent to making the initial values used in the
computations small, leading to even smaller products of these small values.
This end is similar to the essence that the square of 0.1 is a much smaller
number than the starting number. On the contrary, nonlinear products of
non-small numbers give rise to much greater numbers, leading to numerical
instability in the calculation. Our purpose of providing this specific exam-
ple is to show that even with one of the most unstable schemes, we can
still produce stable computational results. This conclusion suggests that
Lorenz’s so-called butterfly is not from the instability of nonlinearity, but
rather is a result of errors in the large number of infinitesimal differences.
For more details, please see the appendix of this paper or [Lin, 1998; Wu
& Lin, 2002; Lin & OuYang, 2010].

Based on what is discussed here, one can see that when dealing with any
problem of small quantities using small time steps, no matter whether we
use stable or unstable computational schemes, we can produce the “butter-
fly” effect. For the purpose of comparison, we applied the same initial values
and time steps as used in Fig. 1.1 by employing the smoothing Runge-Kutta
scheme. The results are given in Fig. 1.2.

The computational procedures indicate that both of these calculation
schemes do not suffer from memory spills and can be continued with an
increasing trajectory density. By directly comparing Figs. 1.1 and 1.2, it
is easy to see that both computational schemes produce roughly the same
results without any substantial difference except that the graphs in Fig. 1.2
are smoother than those in Fig. 1.1 and the left-hand spiral is a bit smaller.
What should be pointed out is that the results in Fig. 1.1 are obtained by
using an extremely unstable computational scheme, where as long as the
time step is sufficiently small, the same outcomes as what Lorenz obtained
by using smoothing scheme can be produced. Although at the time we
initially did our computation, the computer was very slow and required
three days, the stable computation could be continued without any sign
of potential interruption. So, when we constructed the graphs in Fig. 1.1,
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Fig. 1.1. Lorenz model with small time steps and a non-smoothing scheme.

we stopped our computation at the step of 1 x 107. On the contrary, in
the computation of nonlinearity, one faces either explosive instability or
the stability of drastic absolute value decrease where the rate of nonlinear
decrease of small values is much faster than that of the linear drop.

Evidently, the previous numerical experiments imply that when the time
step is relatively small, both smoothing and non-smoothing schemes are
essentially the same. Thus a natural question arises: Since the direct dif-
ference scheme is extremely unstable, how can it produce essentially the
same results as a stable smoothing scheme?

To address this problem, we followed an on-screen analysis of the com-
putational procedure. Our results reveal that the computational stability
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Fig. 1.2.

of nonlinearity has nothing to do with the schemes employed; instead, it
has everything to do with whether or not the computational values fall into
non-first-order product(s) of small quantities and infinitesimal difference(s)
of large quantities, meaning the differences of quasi-equal quantities. Be-
cause the values that actually participated in the computation procedures
are minuscule error values, that is how the two-leaf spiral trajectories in
Figs. 1.1 and 1.2 are created. And the similarity of these two-leaf spirals to
the so-called butterflies is completely caused by the reciprocations of the
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Lorenz model with small time steps and a smoothing scheme.

remnants of the errors in the phase space of Lorenz’s model.
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Note: Based on our repeated computations and comparisons of the
computational outcomes, we conclude that nonlinear products of non-small
quantities are the essence of the numerical instabilities involved, which be-
have as explosive quantitative growth; and the nonlinearity of small values
is shown as the extreme stability of “explosive decay,” which is much faster
than linear decay. For more details, see the appendix of this paper, or [Lin,
1998; Wu & Lin, 2002; Lin & OuYang, 2010].

Speaking in nontechnical terms, the so-called butterfly effect of chaos
theory can be compared to Shakespeare’s Venice merchants who could never
cut off one pound of meat exactly. Or, as the ancient Chinese calculator
Zhan Yi said, there are things that numbers cannot describe. However, the
“butterfly” Lorenz has seen is a characteristic of nonlinearity.

So, there is no doubt that small differences of large quantities or the
inaccurate equations involving quasi-equal variables become incalculable
problems or equations due to the inevitable error-value computations. In
other words, Lorenz’s chaos theory comes from the problem of computa-
tional inaccuracy of equations involving quasi-equal quantities.

(2) The computational results with enlarged time steps:

By increasing the time steps, changing the initial values, or altering the
parameters, one can make all the consequent quantitative computations
avoid the situation of infinitesimal differences of quasi-equal large values.
Let us now provide the corresponding computational results obtained by in-
creasing the time step. At this junction, what needs to be remembered is the
following fundamental characteristics of nonlinear quantitative calculation:
Non-first-order products of small values behave as a drastic decrease; while
non-first-order products of non-small values become an explosive increase.
Only the latter constitutes the quantitative instability of nonlinearity.

If we take the time step A7 = 0.06513178, Fig. 1.3 shows the compu-
tational outputs of the direct difference scheme. Fig. 1.4 reveals the obvi-
ous characteristics of smoothing schemes, where the two-leaf spirals are no
longer smooth, leaving behind a track of forced smoothing alteration in the
direction of increasing values. All of the computational values in the three
phase planes in Fig. 1.3 interrupted the computation due to spills in the
negative Y and Z directions. In other words, as soon as the computation
reaches a certain number n of steps (in this example, n = 18), Lorenz’s
chaos (the two-leaf spiral butterfly effect) disappears.

Evidently, for nonlinear problems, quantitative instability is the funda-
mental characteristic of nonlinearity. Or said differently, nonlinear math-
ematical models possess the characteristics of escaping the continuity of
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Fig. 1.3. The non-smoothing scheme with enlarged time steps.

Fuclidean spaces and entering the transitionality of non-Euclidean spaces,
which stands for a change in movement, such as direction.

At this point, we mention that even if we take AT = 0.06513177, the
consequent computational results will produce error spirals (or Lorenz’s
butterfly effect) similar to that of Fig. 1.1, but if the time step is increased
by a tiny amount of 0.00000001, instability onsets, illustrating the problem
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Fig. 1.4. The smoothing scheme with enlarged time steps.

of error value computations involving infinitesimal differences of large
quantities.

Fig.1 .4 shows the computational results of the smoothing Runge-Kutta
scheme under the same conditions as in Fig. 1.3. Its characteristics are
similar to those “butterfly” error effects of Figs. 1.1 and 1.2. Similar results
can be obtained by using the smoothing scheme of “one step forward and
three steps backward.”

Our on-screen tacking reveals that because of the computational explo-
sive growth along the negative Z-direction, the spill causes the computer
to stop working so that the calculation is interrupted. That is the only
reason why the computational results in Fig. 1.3 escape the “butterfly”
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error effect of infinitesimal differences of large quantities. For Fig. 1.4, in
the entire process of computation, the situation of negative Z-values never
appears so that the computation is always trapped in the “butterfly” error
effect of infinitesimal differences of large quantities. We can see this problem
directly from the third equation of Eq. (1.5) as follows: If Z > 0, we have

7' =XY - bZ (1.7)
If Z <0, we have
Z'=XY +b|Z| (1.8)

Evidently, the magnitudes of | XY| and [bZ] are roughly the same, and thus
Eq. (1.7) involves computations of the error values of infinitesimal differ-
ences of large quantities. Note that the mathematical structure of Lorenz’s
model (1.5) itself reveals the reciprocating trajectory of the computed val-
ues. That is why its trajectory of error values forms the pattern of a “but-
terfly” Thus the results shown in Figs. 1.1, 1.2, and 1.4 have nothing to do
with nonlinear instabilities. The quantitative computations of nonlinear-
ity possess the characteristics of extreme instabilities (when non-first-order
products of non-small values are involved) and extreme stabilities (when
non-first-order products of small values are involved).

Also, we conducted numerical experiments with various time steps (and
numbers of steps), initial values, and parameters, including those of adap-
tive time steps. What is discovered includes that when the time step in-
creases, the computational values can walk out of the so-called chaos or
the error spirals, as we call it, leading to termination of the computation
due to spills caused by nonlinear quantitative instabilities. If the time step
decreases, then the computational values can exhibit error spirals. Also,
just before a spill appears, if the computational scheme is changed to a
smoothing scheme or the parameters are reduced in magnitude, then the
computational results once again return to the error spirals. And by al-
ternatively employing weak smoothing schemes, such as the second order
Runge-Kutta scheme, or large time steps, large parameters, large initial val-
ues, and other strong smoothing schemes, we can make the computational
values either escape or enter error spirals [Lin et al., 2001] at will.

(3) The computational results when the initial values are negative:

Let 7 = 0, the initial values X = —2Y = —2, 7 = —4, and the pa-
rameter b = %. When A7 < 0.057927096, the computational results enter
the error spiral with a graph, which is omitted, similar to Fig. 1.1. When
AT < 0.057927097, which is only 0.000000001 greater than the previous
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Fig. 1.5. The non-smoothing scheme applied on Lorenz’s model with increasing param-
eter.

value, the computational results jump out of the error spiral right after
they entered it; and soon after that the computation stops due to com-
putational instability (the figure is omitted). However, if we change the
scheme to a smoothing scheme before the spill, the computational values
will once again enter into the error spiral (the figure is omitted).

(4) The computational results when the parameters are varied:

Scheme 1: To make the comparison easier, we take the same initial
values as in (3) and let A7 = 0.05. That is, this time step is smaller than
that used in (3) where the computation enters an error spiral. Our purpose
of doing so is to make sure that when a parameter is varied, no quantitative
instability will be created by the choice of a too large time step. Let us
now vary the parameter b in two situations. When b falls between % and
331849, the computational results are trapped in an error spiral. The figure
is omitted. When b > 331850, as soon as the calculation reaches the 97914t"
step, the computational results suddenly escape the error spiral and the
calculation stops due to a spill in the form of Z < 0, see Fig. 1.5 for more
details. What is interesting is that the pattern in the X x Z phase space
looks like a small flying bird with its wings wide spread out instead of a
“butterfly” if we stop the calculation at the 97912"¢ step. If Lorenz had
examined the sensitivity to parameters he would have seen a bird fluttering
its wings instead of a butterfly. What should be pointed out is that in order
to show the difference between being trapped in error-value computations



20 S. OuYang and Y. Lin

::3 v 150 1 1507
| 1 100
100} { 1w
sl 1 s0 50
b s : 0 0
o 50 0
20 i
0 Xl _100 X1 .100 X
0 50 w0 0 50 w0 0 100 200
Xy x-Z ¥z
)
200 x-¥ plane 500 x-2 plane s00 y-z plane
1]
0 = 0
4% -500 -500 }
1500 | -1000 .4 -1000
* 2000 = as00 = aseo
2500
3000 -2000 2000
3500 2500 2500
1000 _3000 . 3000
-2000 o 2000 2000 0 2000 £000 L] 5000
X Y

(1]

Fig. 1.6. (a) o = 10, r = 28, b € [198,241], At = 0.008, X =5, Y = 3, Z = 9.
(b) o =10, r = 28, b > 249.2309892, AT = 0.008, X =5,Y =3, Z =9, n = 69751.

and the quantitative unstable walk out of the error-value computations,
when constructing Fig. 1.5, we only kept the computational results of the
steps between 96000 and 97914. Later our former student and current
colleague Professor Yigang Chen repeated our work using newer computers.

Scheme 2: For the sake of comparison, let the initial values be positive,
such as X =5,Y =3, and Z = 9, and the time step A7 = 0.008. That is,
for this time step all the previous computations can enter the error spiral.
Similar to Scheme 1 above, we also vary the parameter b in two cases. When
b is between 198 and 249.23, the computational results present a pattern
like a smoothly opened or slightly curved tree leaf as shown in Fig. 1.6(a).
For b = 249.2309892, when the calculation reaches the 69750t" step, the
results escape the error spiral and the calculation stops with Z < 0 as shown
in Fig.1. 6(b). For the convenience of generating the graph, Fig. 1.6(b) only
includes the results of the step 69751.

(5) Varying the Parameter r:

When 7 is between 28 and 86.72178883513, the computational results
are trapped in an error spiral as shown in Fig. 1.7(a). The first pat-
tern resembles that of the ancient Chinese Taiji graph, and the second
looks like a flying butterfly viewed from the front or the back. When r =
86.72178883514, the results suddenly jump out of the error spiral at step 792
and the calculation stops due to a spill in the form of Z < 0 (Fig. 1.7(b)).
Thus the parameter 7 is very sensitive, reaching the level of 1%.
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(6) Varying the parameter o:

When o takes values between 10 and 61.80311084, the computational
results fall inside the error spiral with the patterns like a feather pen or the
age Tings of a tree. When o takes values between 61.80311085 and 233.1,
the pattern looks like a feather as shown in Fig. 1.8. Note: First of all, we
mention that the specific computations shown here were done by our former
student Dr. Gongyi Chen on the current fast computers with a focus of test-
ing the sensitivity to changes of parameters. The conclusions indicate that
the so-called sensitivity of nonlinear quantitative computations exists also
for either the magnitude of time steps or changes in parameters in addition
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to that of initial values. However, the sensitivity to other aspects of the
models involved touches on problems of much wider range of importance
and practical significance (see the Conclusion section of this paper for more
details). What is shown in this paper is that the sensitivity to parameters
can be completely different to the sensitivity to initial values. In terms of
nonlinearity, different models lead to different types of stabilities and insta-
bilities. However, even for a fixed model, there are also different scenarios
with regard to the initial values, time steps, and parameters. To this end,
faster computers are useful in revealing finer differences. The central prob-
lem here is that investigations of nonlinearity should not mistakenly treat
error-value computations as important problems of physics or philosophy.

It is not too difficult to see from the results of the previous series of
numerical experiments that for Lorenz’s model, if we use the term “sensi-
tivity,” then it is not only sensitive to the initial values, but also sensitive
to the time steps, and each of the parameters. In fact, the model is more
sensitive to the parameters and time steps than to the initial values. With
only about 1% of changes in the parameters or time steps, the computa-
tional outcomes can be totally different. Even for linear problems, similar
results can be obtained except for different forms of presentation due to
differences in the models [Lin et al., 2001].

(7) Truncated spectral energy analysis of the Lorenz model:

For this problem, we have done a detailed analysis in [OuYang, McNeil,
& Lin, 2002]. The purpose for of citing this analysis is to reveal the essence
of Lorenz’s chaos theory.

Using X, Y, and Z to respectively multiply the three equations in
Eq. (1.5) and then adding the results provides the following:

S (X?+Y?+2%) =— (6 X*+Y?+bZ2%) —b(oc+7) Z (1.9)

Let E = 1 (X?+Y?+ Z?). Then when E is a constant or when 2£ = 0,

the truncated spectral energy is invariant because when b,o,7r # 0, one

must have X, Y, Z = 0. When % > 0, that is when the truncated spectral
energy increases, we have:

o X2+ Y24+ b2 +b(0+7)Z <0 (1.10)

because b, > 0, if o > |r|, then Z < 0 and

b(o+7)Z| > |o X+ Y +bZ?|
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or
oX?+Y?+bZ>
b(o+7)
Therefore, when Z < 0 and Eq. (1.11) is satisfied, the truncated spectral
energy increases, which agrees well with the fact that in the numerical
computations, the calculation stops in the form of Z < 0.
When % < 0, the truncated spectral energy decreases so that we have

(cX?+Y?+bZ%) +b(c+7)Z >0 (1.12)

1Z] >

(1.11)

or
b(o+7)Z| < |oX?+Y?+ 027 (1.13)

Evidently, if Z > 0, then the evolutionary values fall into the error spiral
due to the appearance of infinitesimal differences of large quantities so that
their practical significance is lost.

If|b(oc+7)Z| < |[oX? +Y?+b2Z?
0 or less than 0. When Z > 0, the situation is similar to what is discussed
above. That is, the Lorenz’s chaos is trapped in an error spiral. When Z < 0
and Eq. (1.11) is not satisfied, the energy decreases due to the constraint
of % < 0. In other words, the condition Z < 0 under this circumstance
can still constitute a case of infinitesimal differences of large quantities so
that the computational outcomes are falling into an error spiral.

This truncated spectral energy analysis points out some essential prob-
lems existing in the chaos model and the consequent theory. We also did a
whole series of computations for other widely employed classical chaos mod-
els, such as the Brussel Oscillator, forced Brussel Oscillator, and Rossler
model [Lin et al., 2001]. This work required over three years of time and
effort and a great amount of manpower. To spare the reader, the details
are omitted.

, then Z can be either greater than

1.4. Discussion

Although modern science advocates that assumptions are inevitable, these
assumptions should not be introduced without constraint. In his modeling,
Lorenz substitutes a constant “atmospheric stratification” by using two
variables, which cannot even be plausibly supported or explained. It is
because if one uses Y and Y™ to be the linear and nonlinear “atmospheric
stratifications,” then the model will be a two-dimensional parametric model,
from which the butterfly form cannot be produced.
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Our truncated spectral energy analysis produces the same results as the
numerical experiments and reveals more essentially the problems explicitly
contained in Lorenz’s model and his chaos theory. That is, Lorenz’s chaos
is not produced from increasing truncated spectral energy; instead, it is a
result of decreasing energy. Evidently, when the change in the energy de-
creases (% < 0), it means that the level of energy approaches invariability.
That is, F = a constant. That is also where the attractors come from.

Any realistic chaos or “orderlessness” means % > 0, which can truly
reflect the explosive growth caused by nonlinear quantitative instabilities.
The so-called initial-value sensitivity is not simply the “butterfly fluttering
its wings” of the initial values’ error spiral. The sensitivity also comes
from the quantitative instability in the nonlinear effective values. Thus
Lorenz’s chaos is not the same as physical irregularities, or orderlessness,
or the chaos of nonlinear growth. Rather it is the error-value computations
of quantitative quasi-equalities. Lorenz employed his chaos to reveal the
“mess” of differences, leading to the consequence of quasi-equality of such
“twins” that are different only with a few body hairs. This end could be
seen as analogous to the one pound meat of Shakespeare’s Venice merchants,
which could never be accurately cut.

Now, a significant question arises:

Problem 1.3. How did a chaos theory in which both the model and nu-
merical computations suffer from serious flaws ever become so influential
in the physics of the 20th century?

The relevant background is that mathematical logic has conducted the
appearance of “non-determinacy” and the community of physics expected
that “God plays dice.” Because of this historical reason, Newton was seen
as a deterministic fatalist, Einstein and some others became old diehards
against randomness and chance. The special goal was to employ “indeter-
minacy” to enter a “probabilistic universe,” and to completely destroy the
“Newtonian realm” by making use of the chaos theory. However, classi-
cal mechanics is in fact an invariant system of the type of Plato’s static
figures [Lin & OuYang, 2010; OuYang, McNeil, & Lin, 2002; Bergson,
1963; Koyré, 1968; Prigogine, 1980] without involving the concept of “de-
terminacy” Considering the fact that in the universe the only thing that
stays invariantly constant is change, neither the corresponding time series’
stability of the stochastic system nor the well-posedness of the classical
mechanical system can truly handle physical “indeterminacy” or “irreg-
ularity.” Evidently, corresponding to the “invariant” system are variable
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events. Wishing for “indeterminacy” without knowing what “indetermi-
nacy” is and where it is from can only make the concept of “indeterminacy”
an imaginary fairy without its space for existence [OuYang & Lin, 2006].

When people are either vexed by or interested in chaos, they do not
recognize that it is non-chaotic similarities that stand for the true chaos .
That is what is truly and practically scary. If all people in the world were
identical, then no one could find himself out of the ocean of the same-looking
bodies. Fortunately, the world in which mankind exists allows differences
so that me, you, him, ... can be easily distinguished. It seems that there is
no such a need for us to be tied up on the indeterminacy of our conscious;
instead we should focus more on the understanding of what indeterminate
events are.

There is no denial that classical mechanics and the stochastic system of
the mathematical logic cannot practically provide us with any badly needed
" even though all we can do in front of risks is make use of the
empirical statistics or experiments. That explains why in front of (nearly-)
zero probability disasters, we still do not know what to do.

Similarly, there is no denial that the quantitative system, with which
we have become so familiar, faces the challenge that variable events do not
really comply with the rules of the calculus of formal logic of quantities.
Thus it seems that what is more important for our time than creating
“chaos” out of “deterministic equations” is how to understand and how to

“risk value,

handle variable events.

To conclude this presentation, let us provide a final note. The purpose
of the work presented in this paper is not to destroy Lorenz’s chaos. In
fact, we simply use Lorenz’s model and his relevant work as a convenience
to show that the current system of quantities and the system of modern sci-
ence suffer from major difficulties in both theoretical analysis and practical
applications. For details see [Lin, 1998; Wu & Lin, 2002; Lin & OuYang,
2010]. As with the case that although 14+ 1 = 2 is not universally true, it
does have a wide range of practical applications. And, although the system
of modern mathematics in general and calculus in particular suffers from
inconsistencies which have been seen as the fourth crisis in the foundations
of mathematics [Lin, 2008], they have indeed helped to bring magnificent
scientific advances to mankind. Therefore, it is not surprising to find suc-
cessful applications of Lorenz’s chaos theory in various specific situations
(relevant reference are too numerous to list), because it does reveal the fact
that when one employs quantitative means to study nature, one must face
“chaos,” because the mathematical tool used is too primitive to capture
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the essence of the nature one seeks to investigate. (This end has made
chaos theory extremely welcomed in the communities of various religions).
Whether or not the Lorenz’s model is too simple to be a good representation
of atmospheric convection is not a concern in our works, because no matter
how complicated or sophisticated is the model, as long as it involves the
symbols of differentiation, the model is only potentially valid on the basis
of continuity and differentiability, which are two conditions rarely satisfied
in nature. See [Lin, 2008b] for details. To this end, Lorenz [1996] described
a system of over five million equations in over five million variables in a
Furopean effort to describe climate. Still, as expected, this system exhibits
“chaos.” As for whether the phenomenon of chaos is an artifact or not, the
answer is both YES and NO. As shown in [Lin, 2008], nature contains such
phenomena that quantities are just not powerful enough to describe. Ad-
ditionally, we have addressed this question in [Lin, 1998] from such diverse
angles as mathematics, physics, mathematical modeling, philosophy, evolu-
tion science, numerical experiments, and practical applications. That piece
of work attracted well over one thousand communications from scholars
all over the world during that first year of publication. Thus, to this end
we claim that we and the colleagues in our research group are the first to
have openly and comprehensively settled this last concern of whether or not
chaos is a numerical artifact. For the relative completeness of our presen-
tation, we mention specifically that OuYang and Wu [1998] demonstrated
by employing mathematical group theory that just as Lorenz’s model is
deterministic, so are the solutions. More specifically, they showed that
the three branching solutions of Lorenz’s model can be connected together
through the transformation group {I, e}, and that if an orbit of the model is
given, there must be another corresponding orbit through the group {7, e}.
Along similar lines using rigorous computer estimates, Tucker [1999] proved
that the Lorenz attractor is indeed a chaotic attractor, as a numerical
artifact.

1.5. Appendix: Another Way to Show that Chaos Theory
Suffers From Flaws

For understanding the quantitative instability and for acquiring the intu-
ition of the mathematical properties of nonlinear equations, let us look at
the well-known nonlinear mathematical model of the Newtonian system:

2—1: = F = ku? (A1)
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Here we will analyze the essence of stability of this model using different
initial values. Let us rewrite Eq. (A1) as a difference equation as follows:

™Y = o™ 4 k(u™)2 At (A2)

where the superscript n stands for the time step. The stability of this
problem can be discussed in three cases as follows.

Case 1: Considering the practical use, let us take the effective digits of
the initial values to one digit after the decimal point. If we take

u©® =10.1 m/s; k=1m 's™ At =10 s

where m stands for meter and s second. Substituting these values into
Eq. (A2) for n =1 gives

uM > 1000 m/s

When n = 2, we have

What is shown indicates that under the condition of non-small effective
quantities, with only two steps of computation, the calculated result of
nonlinear Eq. (A2) is already far greater than the first cosmic speed. That
is, the moving article of the Newtonian dynamic system has already escaped
the gravitation of the Earth flying into the outer space. That is the spirit
of the quantitative computational instability of nonlinearity.

Case 2: Let us fully understand the quantitative computation problem
of nonlinearity. In practical applications, there must be such inevitable
situations where the initial values or parameters take on small effective
values. To analyze this situation, let us once again look at some particular
calculations by using the first digit after the decimal point as the effective
place value. If we take

uw® = —0.1m/s, k=1m 's™' At = 6s

Substituting these values into Eq. (A2) in turn produces

uM = —0.04 m/s
u? = —0.0304 m/s
u®) = —0.0250 m/s
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Since we have predetermined the effective value to be the first digit place
after the decimal point, all the previous results have fallen into the errors
of the initial values. This is because digits beyond the first place after the
decimal point no longer exist practically or can be ignored. Because of this
reason, it is evident that quantities can be calculated that have meaningless
accuracy. This example is a materialistic realization of the statement that
there are things numbers cannot describe.

Each well-known numerical computation involving infinitesimal differ-
ences of large quantities contains the problem of computational inaccuracy
of the effective values. However, one has to be clear that such situations
may not be seen as the characteristic only nonlinearity possesses, because
for linear or general equations involving differences of quasi-equal quantities
such situations also exist. For instance, in Eq. (A2), if u(®) > 0 and k < 0,
even with non-small effective values, the computational results could also
produce errors.

Case 3: If we rewrite Eq. (A1) as follows:

du

il ku® + ¢ (A3)

then its difference equation is
u™) = 4™ 4 B2 AL + cAt

Let us take u(® =5 m/s; k=0.1m 1s—1; ¢ = —2.5; At = 0.1 s. Substi-
tuting these values into Eq. (A4) produces

u™ = 5.0000 m/s
u(® = 5.0000 m/s
u®) = 5.0000 m/s

What is interesting is that since c is a negative number, Eq. (A4) involves an
infinitesimal difference of large quantities, leading to the result of attractors,
as in chaos theory. From this example, the reader should be able to see the
essence of chaos theory. That is, non-first-order products of small effective
values or small difference of large quantities can suppress the nonlinear
explosive growth. If in Case 2 one gets involved with irrational or repeating
decimal numbers, then there will be further problems with computational
accuracy. That is such a typical situation that there are matters numbers
cannot describe.
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We discuss some important issues arising from computational efforts in
dynamical systems and fluid dynamics. Various individuals have misun-
derstood these issues since the onset of these problem areas; indeed, they
have been routinely misinterpreted, and even viewed as “laws” by some.
This paper hopes to stimulate appropriate corrections and to realign
thinking, with the overall goal being sound future progress in dynamical
systems and fluid dynamics.
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2.1. Introduction

Both existence and uniqueness require consideration when studying a sys-
tem of differential equations. The existence of chaotic solutions for differen-
tial equations (not discrete algebraic maps) has never been proven; instead,
existence is routinely taken for granted. However, differential equations
presumed to be chaotic are unstable; therefore, no convergent numerical
solutions for them are possible, as clearly pointed out by Von Neumann.
It is likely that all published numerical solutions are simply numerical er-
rors [Yao, 2007; Yao, 2010; Yao & Hughes, 2008a, 2008b]. The upshot of
this conclusion is that there exists the frightening possibility that no solu-
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tions of chaotic differential equations are obtainable through any existing
discretized numerical method, implying that solutions do not exist. Yao
[2010] discussed this matter in detail for the Lorenz system. Without a
resolution of the existence question, it seems frivolous to discuss properties
of possibly non-existing solutions of differential equations. In fact, the rel-
evance of Smale’s horseshoe to differential equations is questionable. We
discuss these matters in the first two open problems defined below.

The relevance of chaos to turbulence is an unsettled question. Chaos is
random in time; turbulence is random in time and space. We believe they
share some fundamental properties. On the other hand, multiple solutions
of the Navier-Stokes equations exist when the Reynolds number is larger
than its critical value; they reflect sensitivity to initial conditions [Yao,
2009]. The selection principles for an appropriate solution and the result-
ing nonlinear wave interactions for different initial conditions are explained
by the resonant wave theory developed by Yao [1999]. However, multiple
solutions of the Navier-Stokes equations evolve in an entirely different man-
ner than the description of Smale’s horseshoe; this leads to the third open
problem discussed below. It also provides evidence that sensitivity to initial
conditions cannot be a sufficient condition for chaos, as many practitioners
of dynamical systems believe.

2.2. Open Problems About Nonexistence of
Chaotic Solutions

Problem 2.1. No chaotic solution of a system of nonlinear differential
equations exists?

The Poincaré-Bendixson Theorem clearly implies that a two-dimensional
continuous dynamical system cannot give rise to a strange attractor. Some
published chaotic solutions for a single nonlinear or linear ordinary differ-
ential equation violate this theorem. They are unstable spurious numerical
solutions, but are frequently misinterpreted as chaos [Griffiths, Sweby &
Yee, 1992]. Since no analytical chaotic solution is available for a system
of more than two nonlinear differential equations, a numerical solution be-
comes the only alternative. Systems of ordinary differential equations that
exhibit chaotic responses have yet to be correctly integrated. So far no con-
vergent computational results have been confirmed for chaotic differential
equations. Various computed numbers are not solutions of the continuous
differential equations; all proposed chaotic responses are, more likely than
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not, simply numerical noise and have nothing to do with the solutions of dif-
ferential equations. Two well-known Lorenz models [Lorenz, 1963, 1990] are
typical examples showing that computed non-periodic solutions are simply
due to the unstable amplification of truncation errors and the distribution
of singularities [Teixeira, Reynolds & Judd, 2007; Yao & Hughes, 2008b;
Yao, 2010].

Numerical methods convert continuous differential equations to a set of
algebraic equations to be solved by computers. Derivatives in the continu-
ous equationb are replaced by corresponding discretized forms. For example
‘fif ~ A + where Aw equals in the limit as At approaches zero. Instead of
taking the limit, At has a ﬁmte ‘small” value in the discretizing procedure
such that i”t” sufficiently approximates fl—f when At is “small.” Von Neu-
mann established that discretized algebraic equations must be consistent
with the differential equations, and must be stable in order to obtain con-
vergent numerical solutions for the given differential equations. This can be
easily checked by ensuring that the difference between computed results for
successively reduced time-step size is acceptably small. A successful check

can be taken as an indication that ﬁf is indeed a good approximation to

dz
dt

the solution of the continuous equations. Any computed results that fail
this check are simply numerical errors that have no mathematical meaning.
This is the most important fundamental rule in solving differential equa-
tions numerically by computers. Unfortunately, this rule is consistently
ignored in computational chaos and turbulence, and researchers in numer-
ical chaos have often argued that it is irrelevant. One wonders how a set
of discretized algebraic equations can be related to differential equations if
convergence cannot be assured.

Yao and Hughes [2008b] repeated the Lorenz computation [2006a] and
found that his numerical solutions do not converge. The positive Lyapunov
exponents found in his computation are simply due to unstable compu-
tations, which violate Von Neumann’s convergence criteria. It is worth-
while to note that Lorenz’s second model [Lorenz, 1990] is not uniformly
dissipative and does not have an attractor, but its trajectory settles in-
side a large attracting set. The unstable computation of Lorenz’s first

and that the solutions of the discrete approximations have converged to

model [Lorenz, 1963] has been analyzed and discussed in detail by Yao
[2010]. Some important misconceptions will be discussed below in Open
Problem 2.2. Additional examples of unstable computation of nonlinear
differential equations have also been discussed and can be found in [Yao,
2010]. Comprehensive and carefully computed examples that show useless
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computational results, which are integration time-step dependent, can be
found in [Teixeira, Reynolds & Judd, 2007; Yao & Hughes, 2008a].

It would be an exciting contribution if a convergent computed chaotic
solution for any system of nonlinear differential equations could be ob-
tained. According to our experience, this would require a breakthrough
in computational methods. A much larger and faster computer alone will
not solve this problem. Beyond that, there is no reason to believe that a
chaotic or turbulent solution exists for differential equations, including the
Navier-Stokes equations in fluid mechanics.

Problem 2.2. [s Smale’s horseshoe relevant to chaotic solution of differ-
ential equations, including direct simulation of turbulence?

Smale’s horseshoe lays the foundation of the structural stability of dy-
namic systems, chaos. The studies in the sixties concluded that a hyper-
bolic dynamic system is structurally stable. In a hyperbolic system, the
tangent space at every point can be decomposed into three complementary
directions, which are stable, unstable and neutral. However, no system of
differential equations is hyperbolic [Viana, 2000].

In the 14*" of 18 challenging mathematical problems [Smale, 1998],
Smale asked: Is the dynamics of the ordinary differential equations of
Lorenz [1963] that of the geometric Lorenz attractor of Williams, Guck-
enheimer and Yorke? Omne can view this as a general question about the
equivalence of discrete algebraic maps and differential equations. In spite
of numerous attempts, a convincing proof of the existence of the geometric
Lorenz attractor for the Lorenz’s differential equations was not achieved
until Tucker [1999] provided a solution to this problem with the aid of his
computer. He showed that:

(1) The Lorenz equations are dissipative; consequently, they contain a for-
ward invariant region. This shows it is a closed invariant set.

(2) The result is sensitive to initial conditions so it is a strange attractor.

(3) The trajectory is indecomposable and looks topologically transitive.

On the other hand, Yao [2010] reported that computed chaotic solutions
of the Lorenz equations are consistently contaminated by the amplification
of truncation errors, and are sensitive to artificial integration time-steps. He
carried out a thorough analysis of the first Lorenz model and showed that
two mechanisms can amplify truncation errors. One error is well known; it
is amplified along the unstable manifold and causes an exponential ampli-
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fication of truncation errors. This violates the stability requirement of Von
Neumann’s convergence so the computational results have no value. How-
ever, if one follows Tucker’s method, it can be shown that the numerical
results, which are dependent on the integration time-steps, satisfy all three
properties of Lorenz algebraic maps!

The second mechanism is the explosion amplification of truncation er-
rors. This is because the trajectory penetrates the virtual separatrix, and
violates the differential equations. The existence of a virtual separatrix is
a consequence of singular points of a non-hyperbolic system of differential
equations, which is not shadowable.

Sensitivity to initial conditions has been studied for hyperbolic systems
[Bowen, 1975], and is an active topic for nearly hyperbolic systems [Dawson,
Grebogi, Sauer, & Yorke, 1994; Viana, 2000; Palis, 2000; Morales, Pacifico
& Pujals, 2002]. In particular, the methods of shadowing for hyperbolic
systems have shown that trajectories may be locally sensitive to initial con-
ditions while being globally insensitive since true trajectories with adjusted
initial conditions exist. Such trajectories are called shadowing trajecto-
ries, and lie very close to the long-time computed trajectories. However,
systems of differential equations arising from physical applications are not
hyperbolic systems. If the attractor is transitive (ergodic), all trajectories
are inside the attractor so they are generally believed to be solutions of
the underlying differential equations, whatever the initial conditions. Lit-
tle is known about systems, which are not transitive (non-ergodic). Do
& Lai [2004] have provided a comprehensive review of previous work, and
discussed the fundamental dynamical process indicating that a long-time
shadowing of non-hyperbolic systems is not possible.

Another commonly cited computational example in chaos involves two
solutions of slightly different initial conditions that remain “close” for some
time interval and then diverge abruptly. In fact, this behavior is often
believed to be a typical characteristic of chaos. More properly, this phe-
nomenon is actually due to the explosive amplification of numerical errors,
and violation of the differential equations as described above. Similar com-
putational results can occur for two different integration time steps; many
would consider such results as acceptable since it is a “twin brother” of
sensitivity to initial conditions and a typical characteristic of chaos. This
mistake deserves clarification.

In fact, two mechanisms of error amplification can alter the topologi-
cal properties of attractors. This shows the common expectation that the
presence of an attractor guarantees the correctness of computed results is
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completely wrong. It is easy to conclude that Tucker did not prove that
the Lorenz system has the property of a Lorenz map since a solution of the
Lorenz system does not exist.

Before we move to the next open problem, we would like to point out
that the inviscid-flow equations do not have non-periodic turbulent solu-
tions. This is because these equations are not dissipative. Those studying
chaos in conservative systems, which cannot have attractors, should check
their computations to ensure that their results are not dependent on the
integration time-step.

Problem 2.3. What is the relation between Smale’s horseshoe and the
physics of the Navier-Stokes equations?

That the structure of resonances determines the long-time solutions of non-
linear differential equations was originally advocated by Stokes [1847] and
Poincaré [1892]; the later developed the well-known Poincaré-Lighthill-Kuo
(PLK) Method. Yao [1999] proposed an eigenfunction-spectral method, a
fully nonlinear approach and a generalization of the PLK method, for a
direct numerical solution of the Navier-Stokes equations. In the following
discussion, the generalized eigenfunctions are referred to as °
linear terms of the Navier-Stokes equations involve the local acceleration
terms, the viscous dissipative terms, and the pressure-gradient terms. The
nonlinear terms represent the energy transfer among all waves, traditionally
referred to as inertial effects. There are two kinds of transfer: forced trans-

‘waves”. The

fer and resonance transfer. The forced transfer can create a new wave, but
with limited energy transfer. Substantial energy transfer can only occur
when the resonance conditions are satisfied [Phillips, 1960].

The basic idea of the eigenfunction-spectral method is that a solution
of nonlinear differential equations can be expressed in terms of a complete
set of waves. The amplitude of every wave is not necessarily nonzero. The
base flow is a special wave, which has zero frequency and infinite wave-
length. The pressure gradient drives the base flow, and is a source of
energy. For the Reynolds number, Re, less than its critical value, all dis-
turbance waves are stable and highly dissipative; thus, only the base flow
exists. As Re reaches its critical value, the energy received by the critical
wave from the base flow balances with dissipation so its amplitude does
not change with respect to time. This is the condition of neutral stability,
or the onset of instability. Any further increase of Re, the energy from
the base flow becomes larger than that can be dissipated by waves; the
amplitude of the waves will grow. As Re increases further, more waves
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become unstable and the nonlinear wave interaction becomes complicated.
This is usually called finite-amplitude instability. We found that convergent
computation becomes more difficult, and computations eventually diverge
when Re increases further, but is still far below its transitional value for
the flow to become turbulent. This fact is not well known and respected;
many researchers routinely compute finite-amplitude instabilities and tur-
bulence, generating numerical errors, without bothering to check their
convergence.

The nonlinear interactions among Taylor-Couette vortices (driven by
boundary motion) with different wave numbers were studied by using a
weakly nonlinear theory of multiple waves [Yao & Ghosh Moulic, 1995a]
and nonlinear theory [Yao & Ghosh Moulic, 1995b]. Both theories can
be derived from the eigenfunction-spectral method as truncated solutions.
They represent the disturbance by a Fourier integral and derive an integro-
differential equation for the evolution of the amplitude density function of
a continuous spectrum. Their formulation allows nonlinear energy transfer
among all participating waves and remedies the shortcomings of equations
weakly nonlinear theories of a single wave of the Landau-Stuart type. Nu-
merical integrations of this integro-differential equation indicate that the
equilibrium state of the flow depends on the wave number and amplitude
of the initial disturbance as observed experimentally and cannot be deter-
mined uniquely on each stable bifurcation branch without knowing its his-
tory. The accessible wave numbers of the nonlinear stable range lie within
the linear unstable range minus a small band, which was traditionally con-
sidered as the range of side-band instability. The numerical results simply
indicate that waves in this small band lose more energy than they gain;
therefore, waves within this small band decay and excite their harmonics.
This agrees with Snyder’s observation [Snyder, 1969] that the trend of en-
ergy transfer is determined by the stability characteristics of the base flow.
It is a consequence of fully nonlinear wave interactions, and is not due to
sideband instability as speculated by weakly nonlinear theories of a single
wave; this misconception has prevailed for a long time, and is still pursued
by some classical fluid dynamists.

The analysis of mixed convection in a vertical annulus using a nonlin-
ear theory with continuous spectrum [Yao & Ghosh Moulic, 1994, 1995b]
yields a conclusion identical to that from the study of Taylor-Couette flows.
They treated the spatial problem as a temporal problem. This is possible
by following a control-mass system. Plots of the evolution of the kinetic-
energy spectra for the two problems are identical in shape and differ only in
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amplitudes and ranges of wave numbers. This indicates that the evolution
of energy spectra provides universal and fundamental information for all
flows. The selection of the equilibrium wave number is a result of nonlinear
wave interactions.

The principles of nonlinear interaction of participating waves are uni-
versal and fundamental, and are shared by all flows. The mechanism that
allows multiple solutions to exist and the required associated conditions
have been demonstrated. The selection principles, due to its property of
sensitive to initial conditions, deduced from the numerical study of [Ghosh
Moulic & Yao, 1996; Yao, 1999; Yao & Ghosh Moulic, 1995a; 1995b], are
listed below:

(1) When the initial disturbance consists of a single dominant wave within
the nonlinear stable region, the initial wave remains dominant in the
final equilibrium state. Consequently, for a slowly starting flow, the
critical wave is likely to be dominant.

(2) When the initial condition consists of two waves with finite amplitudes
in the nonlinear stable region, the final dominant wave is the one with
the larger initial amplitude. If the two waves have the same initial finite
amplitude, the dominant wave will be the one closer to the critical wave.
On the other hand, if the initial amplitudes are very small, the faster
growing wave becomes dominant.

(3) When the initial disturbance has a uniform broadband spectrum of
noise, the final dominant wave is the fastest linearly growing wave, if
the initial amplitude is small. On the other hand, if the uniform noise
level is not small, the critical wave is the dominant equilibrium wave.

(4) Any initial disturbance outside the accessible frequency range will ex-
cite its sub-harmonics or super-harmonics, dependent on the existence
of broadband noise, whichever are inside the accessible frequency range.
The accessible frequency range is the linear stability range minus a
small band.

Similar principles of nonlinear energy transfer have also been found
in other simple nonlinear partial differential equations [Yao, 2007, 2009];
thus, the discussion outlined above is general for all nonlinear differential
equations. The open question is: Does a one-to-one correspondence exist
between resonance and Smale’s horseshoe?

From the above discussion, one can easily conclude that a sensitivity-to-
initial condition is not sufficient for the existence of a strange attractor since
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such conditions are also true for all instabilities when the Re is larger than
its critical value. A strange attractor may exist only if the dynamics have
a closed invariant set, and it is sensitive to initial conditions. On the other
hand, Open Problem 1 demonstrates that the existence of a strange attrac-
tor does not guarantee the correctness of the computed solution. The fact
is that many numerical generated attractors are simply the consequence
of amplification of truncation errors associated with discrete numerical
methods.

Another interesting, but not well known example showing the impor-
tance of nonlinearity of the Navier-Stokes equations is related to the calcu-
lation of the critical Reynolds number. The critical Re of linear-stability
theory (the linear-stability limit) is the value of Re above which ever-present
single infinitesimal critical wave grows. Equivalently, a critical Re can be
defined when the initial amplitude of the critical wave does not change
with time as described above. The linear-stability theory is a single-wave
theory. The physics of flow instability agrees with the nonlinear theory
involving many waves, and differs from the linear theory. The critical Re,
calculated by the nonlinear theory, could be a function of the initial ampli-
tude of the critical wave, since energy can be transferred to harmonics and
sub-harmonics of the critical wave. Without Considering nonlinear effects,
all disturbances at the critical Re, calculated by a linear-stability analysis,
will decay to zero [Yao, 2007].

It is worth noting that conventional studies of fluid mechanics often
relied on flow visualization and simple analysis, which can only provide
limited information about a particular base flow. In particular, the details
of the eigenfunctions discussed earlier, which are important to an under-
standing of the stability characteristics of a base flow, cannot be total re-
vealed by relatively crude visualization methods and simple analysis. Thus,
in the study of certain flows, early researchers may have concluded their
work without “seeing” all important features of the flow, causing them to
overlook the existence of other possible solutions. The principle of multiple
solutions is an important aspect of fluid mechanics that has been largely
overlooked [Yao, 2009]. This character of multiple solutions is shared by
all nonlinear differential equations as a consequence that their solutions are
sensitive to initial conditions.
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Some Open Problems in the Dynamics of Quadratic and
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Here we propose six open problems in dynamical systems and chaos
theory. The first open problem is concerned with a rigorous proof of
a collection of quadratic ODE systems being non-chaotic. The second
problem is for a universal definition of non-chaotic solutions. The third
problem is about the number of systems that can have chaotic solutions
when the right hand sides are polynomials. The fourth problem is topo-
logically how complicated a 2D invariant manifold has to be to contain
and/or attract chaotic solutions. The fifth open problem is to show that
a specific system has a solution with a fractal dimension on one of the
Poincaré sections. The sixth problem is on rigorous proof of existence
of chaotic solutions of some systems which exhibit chaos in numerical
solutions.

Keywords: Rigorous proof of chaos, non-chaotic solutions, number of sys-
tems, invariant manifold, fractal dimension.
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3.1. First Open Problem

Several years ago Zhang and Heidel [Heidel & Zhang, 1999] and [Zhang &
Heidel, 1997] showed that (almost) all dissipative and conservative three
dimensional autonomous quadratic systems of ordinary differential equa-
tions with at most four terms on the right hand sides of the equations are
non-chaotic. The sole exception is the system

/ 2_22

/

(3.1)

!

SRS
I
S

which does however appear numerically to have a single unstable periodic
solution and is therefore conjectured to also be non-chaotic. The above sys-
tem is equivalent to the third order or “jerk” equation 2" = 2/ — 22. Very
recently Malasoma [Melasoma, 2009] has shown that every jerk equation
2" = j(z,2',2") where j is a quadratic polynomial with at most two terms,
with the sole exception of (3.1), is non-chaotic. Thus carefully determining
the behavior of solutions of equation (3.1) becomes an interesting prob-
lem instead of just being a passing curiosity. Recently Heidel and Zhang
[Heidel & Zhang, 2007, Zhang & Heidel, 2010] showed that dissipative and
conservative three dimensional autonomous quadratic systems of ordinary
differential equations with five terms and one nonlinear term on the right
hand sides of the equations have one system and four systems respectively
that exhibit chaos. Most systems in [Heidel & Zhang, 2007] and [Zhang
& Heidel, 2010] are proved to be non-chaotic. The remaining 20 systems
which are listed here are proved to be non-chaotic when the parameter in
each of the systems is in certain range. Extensive computer simulations in-
dicate that there are no chaotic attractors in these systems. We conjecture
that they are non-chaotic systems. Dissipative systems:

' =dx+y+ Az

Yy =uxz (3.2)
2=y

=yt

y =x+ Az (3.3)
2=y
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¥ =y?+ Az

y=xty (3.4)
Z=x

=yt + Az

Y =ty +z (3.5)
=z

y =x+ Az (3.6)
2=y

¥ =yztzx

y =x+ Az (3.7)
2=y

' =yz+ Ay

Yy =+ty+= (3.8)
==

' =yz+ Az

y=xty (3.9)
2=z

' =yz+ Az

Yy =xy+z (3.10)
2=z

o =tx+2

y =Ay+z (3.11)
2=y
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¥=xx+y+A
Yy =xz (3.12)
2=y

r=+x4+2+A4

Yy =uaz (3.13)
2 =

=yz+ A

y=xty (3.14)
2=

' =yz+ A

Yy =ty+z (3.15)
=z

¥ =yztzx

y=2z+A4A (3.16)
Z=u

¥ =+r+2

y=x+A (3.17)
2=y

¥ =xx+2

y=z+A (3.18)
2 =y

conservative systems:

¥ =yz+ Ay, A<O0,for +, A>0, for —
Yy =dx+z2 (3.19)

2=z
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x
y =—x+ Az (3.20)
z

r =Yy
y=xz+z (3.21)
2=

3.2. Second Open Problem

Ever since the chaotic attractor in the Lorenz equations [Lorenz, 1963] was
discovered, chaos theory has become a popular branch in dynamical systems
which attracts many mathematicians in the area. The central problems in
chaos theory have been the definition, the mathematical properties, and
analytic proof of existence of chaotic solutions, and discovery of possible
chaotic systems and possible geometric patterns of chaos by numerical simu-
lations. It is well known that among the central problems giving a universal
definition of chaos in a mathematical sense for the solutions of dynamical
systems is difficult because of the complexity of chaotic solutions. There
are numerous definitions of chaos. Each definition emphasizes certain as-
pect(s) of a solution. Therefore none of them can be a general definition
at this point. In [Brown & Chua, 1996] Brown and Chua listed nine defini-
tions of chaos. For the nine definitions see the references therein. Here we
give a tenth definition: A dynamical system is chaotic when it has an at-
tractor with fractal dimension. Giving a universal definition of non-chaotic
solutions is another way to define chaotic solutions. It is known that it is
also very difficult. In [Heidel & Zhang, 2007] we gave a conjecture on the
criterion recognizing non-chaotic behavior:

Consider the autonomous system

o= f(x), xRN, te€]|0, ) (3.22)

d
where ' = —, f: RY — R¥ is continuous. Let z(0) = x¢, and z;, z¢; and

fi» 7 =1,2,..., N be the components of z, g and f respectively.

Criterion 3.1. An N dimensional system (3.22) with no cluster points in
the set of isolated fixed points has no bounded chaos if for any of its solutions
there are N — 2 components z,, (t),n € 1,..., N and k =1,..., N — 2, such
that for each of the NV —2 components only the following cases can happen:
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ast — oo ort — —oo,

(1) It tends to a finite limit.
(it) It is a periodic or asymptotic to a periodic function.
(#i7) It is unbounded.

there exists an w, |w| < oo, such that,

(iv) It is unbounded, t — w,
(v) It is bounded but does not have a limit, ¢ — w,
(vi) It is bounded and has a limit, ¢ — w, but not defined at ¢t = w.

When N = 3 this criterion has been widely accepted. For N > 3 it still
needs verification. Even if this criterion is very useful, it misses countless
types of non—chaotic solutions. This open problem is to give a universal
definition of non—chaotic solutions.

3.3. Third Open Problem

It is well known that three-dimensional quadratic autonomous systems are
the simplest type of ordinary differential equations in which it is possi-
ble to exhibit chaotic behavior. The Lorenz equations [Lorenz, 1963] and
Rossler system [Rossler, 1976] both with seven terms on the right-hand
side do exhibit chaos for certain parameter values. By computer simula-
tion in [Sprott, 1994-1997, 2000a] J. C. Sprott found numerous cases of
chaos in systems with five or six terms on the right-hand side. Heidel and
Zhang showed in [Zhang & Heidel, 1997] and [Heidel & Zhang, 1999] that
three-dimensional quadratic autonomous conservative and dissipative sys-
tems with four terms on the right hand side have no chaos. So a chaotic
three-dimensional quadratic autonomous conservative or dissipative system
must have at least five terms on the right hand side. In [Heidel & Zhang,
2007] the authors proved a general theorem in determining a non-chaotic so-
lution and showed that among all three-dimensional quadratic autonomous
conservative systems with five terms on the right hand side and one non-
linear term there is at most one of them that can have chaotic solutions. In
[Zhang & Heidel, 2010] the authors show that there are only four examples
of five-one dissipative systems that exhibit chaos. Let P(z) = }_, <k Aaz®
be a polynomial, where z € RY and N > 1 is an integer, a = (aq, ..., an)
and each of the «; is a nonnegative integer, z® = z7'...z%", the order of
the multi-index « is denoted by |a| = a1 + ... + any and A, € R. Consider
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the autonomous system
o) =Pix)= Y Aua®, i=12.,N (3.23)

lo? <k

1. For a given k and N = 3 after eliminating equivalent systems under the
scalar transformations

X1 :aXl, X9 :bXQ, T3 :CX3, t =0T

where a, b, ¢ and 0 are nonzero real numbers and third-order permutation
groups Py, where P, has six elements

100
0101,
001

P =

100
001 [,
010

Py =

P

P

010
100
001

010
001
100

001
010
100

001
100
010

) P6:

which systems in the form of (3.23) have chaotic solutions and how many
systems are chaotic? Among those chaotic systems how many of them are
conservative, and how many of them are dissipative?

2. For any given integer N > 3 and k after eliminating equivalent
systems under the scalar transformations

X :ale, X9 :(IQXQ, ceey In :aan, t=90T

and n'"-order permutation groups P,, where P, has m = n! elements

10...0 01...0 0...01

01...0 00...1 0...10
P=1... |, R=|... .|, « Pau=|..

00...1 10...0 1...00

which systems in the form of (3.23) have chaotic solutions and how many
systems are chaotic? Among those chaotic systems how many of them are
conservative, and how many of them are dissipative?

3. More generally for a given N > 3 after eliminating equivalent systems
under affine transformations

' = Ay + b, t =0T, =
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where
Tl Y1 a11 a2 ... Gin b1
€2 Y2 @21 A22 ... G2n b2
Tr = s y = s A = s b =
Tn Yn Anl Qp2 - .. Apnp bn

which systems in the form of (3.23) have chaotic solutions and how many
systems are chaotic? Among those chaotic systems how many of them are
conservative, and how many of them are dissipative?

4. A related open problem is what types of chaotic attractors can the
systems (3.23) have? Two examples of “types” of attractors are Lorenz
attractor and Rossler attractor.

3.4. Fourth Open Problem

Consider 2’ = f(z), x € R3, where f(z) are polynomials or f € C"™(RR3),
where n is a nonnegative integer. If a solution of the system is asymp-
totic to a 2D C", r > 1 an integer, invariant manifold, can the solution be
chaotic? If such chaotic solutions exists, topologically how complicated the
2D manifold has to be? What we mean by a manifold being complicated
topologically is that for example a torus can be considered more compli-
cated than a plane.

In particular, can a quadratic differential equation system on a torus ex-
hibit chaos? In general can a solution of a system on a torus be more
complicated than a space filling curve?

The following four figures are from [Heidel & Zhang, 2007]. Fig. 3.1 shows
an orbit of system (3.24). It appears that the solution approaches a 2D
surface which is topologically more complicated than a torus. From Fig. 3.2
and Fig. 3.4 even if they are not Poincaré sections of one solution, one can
still tell from them that there are solutions in both cases that approach
very complicated surfaces.

P=y -2+ Ay =27 =2 (3.24)

/

=y = —xtyz,2 =1-9° (3.25)
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Fig. 3.1. (3.24)’s “chaotic” orbit, #(0) =, 0.0428571, y(0) = —0.105714, z(0) =
—0.102325, A = —0.0125.

3.5. Fifth Open Problem

From Fig. 3.2, and Fig. 3.3 it appears that system (3.24) has at least one
solution such that it intersects the Poincaré section = = 0 into a set with
“thickness”. Similarly from Fig. 3.4, it appears that system (3.25) has at
least one solution that intersects the Poincaré section z = 0 into a set also
with “thickness”. This open problem is to show that these sets have fractal
dimensions. A further question is to show that this system is chaotic.

3.6. Sixth Open Problem

Chaotic solutions were proved to exist in some famous systems such as the
Lorenz equations [Hassard et al., 1994, Hastings & Troy, 1996] and Chua’s
circuit with piece-wise nonlinearity [Chua et al., 1986]. It is well known that
a rigorous proof of existence of chaotic solutions in a dynamical system is
generally very difficult. In a Chua’s circuit with smooth nonlinearity, there
appear not only butterfly-like chaotic attractors, but also “small”chaotic
attractors around equilibria for certain parameter regimes. It appears that
the “small” chaotic attractor is of Rossler-type. No one has proved the
existence of such small chaotic attractors. Sprott discovered numerous ODE
systems having chaos [Sprott, 1997, 2000b]. Among them the following



52 F. Zhang and J. Heidel

03 T T T T T T T

01

&
i
&
&
&
&
=
=
Ty e ETSSSENOS, TETANE WX | STRTESSSR. N
e
=
=
=
=

0.2

Fig. 3.2. (3.24)’s Poincaré section at x = 0 with initial condition z(0) = 0.01, y(0) =
—0.105714, z(0) = —0.102325, A = —0.0125.

four systems are later studied in our work [Zhang & Heidel, 2010] on three
dimensional dissipative autonomous quadratic systems with five terms and
one nonlinear term on the right hand sides of the equations. System (3.27)
and system (3.28) share the same scalar equation v/ = wu' — u” — Au
in y and z respectively. The attractors are all of Rossler type. The open
problem is to prove rigorously the existence of chaotic solutions in these
systems:

"'=y? —x+ Az

T Y

y == (3.26)
2=y

' =yz—z+ Ay

Yy ==z (3.27)
==z

r =Y
y=x—y (3.28)
7=y
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ol

Fig. 3.3.

—0.105714, z(0) = —0.102325, A = —0.0125.

=y + Az
y=x—-y
2=y

(3.24)’s Poincaré section at z = 0 with initial condition z(0) = 0.01, y(0) =

(3.29)

Other systems that Sprott discovered chaotic solutions include the following
systems. The parameter values when the system exhibit chaos are given in
[Sprott, 1994]. Again we are seeking for rigorous proof of the existence of

chaotic solutions.

' =yz
y=z—-Ay, A=1
Z=1-ay

' =yz
y=x—Ay, A=1
Z=1-22

= —y
y=x+2, A=3

(3.30)

(3.31)

(3.32)
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Fig. 3.4. Poincaré section of (3.25) at z = 0 with 37 different initial conditions —2.5 <

z(0) < 2.5, 1.25 < y(0) < 5.25, 2(0) = 0.

' =yz

y=2*-y, A=4

Z=1- Ax
=y+z

y=—x+Ay, A=05DB=1

2 =2%— Bz

¥ =Ax+z

y/:xz—By, A=04,B=1
Z=—xz+y

= —y+ 22

y=x+Ay, A=05B=1

z=x — Bz

= Ay
y=x+2 A=-02,B=1
7 =x+y?— Bz

(3.33)

(3.34)

(3.35)

(3.36)

(3.37)
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' = Az

Yy =By+z, A=2B=-2
2= —x+y+y?

' =xy— Az

y=x—y, A=1,B=03
2 =x+ Bz

' =y+ Az

y =Bx*—y, A=39B=09
Z=1-=x

' =—z

Yy =-22-y, A=17,B=1
Z=A(l+z)+vy

/:Ay
Yy =x+22, A=-2B=-2

' =Ay+z2
Yy =Br+y?, A=27B=-1

Z=x+y

r=—z
y=x—y, A=31B=05
2/ = Az +y*+ Bz
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(3.38)

(3.39)

(3.40)

(3.41)

(3.42)

(3.43)

(3.44)

(3.45)
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=A-y
Y =B+z A=09B=04 (3.46)

2 =zy—=z

¥ =—x+ Ay
Y =Br+2z2, A=-4B=1 (3.47)
Z=1+x
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Dynamical systems described by real and complex variables are cur-
rently one of the most popular areas of scientific research. These sys-
tems play an important role in several fields of physics, engineering, and
computer sciences, for example, laser systems, control (or chaos suppres-
sion), secure communications, and information science. Dynamical basic
properties, chaos (hyperchaos) synchronization, chaos control, and gen-
erating hyperchaotic behavior of these systems are briefly summarized.
The main advantage of introducing complex variables is the reduction
of phase space dimensions by a half. They are also used to describe and
simulate the physics of detuned laser and thermal convection of liquid
flows, where the electric field and the atomic polarization amplitudes are
both complex. Clearly, if the variables of the system are complex the
equations involve twice as many variables and control parameters, thus
making it that much harder for a hostile agent to intercept and deci-
pher the coded message. Chaotic and hyperchaotic complex systems are
stated as examples. Finally there are many open problems in the study
of chaotic and hyperchaotic complex nonlinear dynamical systems, which
need further investigations. Some of these open problems are given.

Keywords: Complex, chaotic, hyperchaotic, attractors, periodic, dis-
sipative, chaos, synchronization, control, Lyapunov exponents, stability

analysis.
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4.1. Introduction

Chaotic and hyperchaotic complex nonlinear dynamical systems, where the
main variables participating in the dynamics are real and complex, consti-
tute fascinating developments in applied sciences. Nonlinear systems with
one positive Lyapunov exponent are defined as chaotic systems and ex-
hibit sensitive dependence on the initial conditions. A nonlinear dynamical
system with more than one positive Lyapunov exponent is called a hyper-
chaotic system. Lyapunov exponents are a measure of the rate of divergence
(or convergence) of two initially nearby orbits. The necessary conditions
for a continuous-time autonomous system to be chaotic are to have three
variables with at least one nonlinear term and the trivial fixed point is
unstable. In 1997, Zhang and Jack proved that 3-dimensional (3D) dissi-
pative quadratic systems of ordinary differential equations (ODE’s) with
a total of four terms on the right-hand side (RHS), can not exhibit chaos
[Zhang & Heidel, 1997]. This result was proved, also, to 3D conservative
quadratic systems [Heidel & Zhang, 1999; Yang & Chen, 2002; Lii et al.,
2004]. Later, it was known that chaotic behavior could be produced by a
3D quadratic autonomous system having five terms on the RHS, with at
least one quadratic nonlinearity, or having six terms with a single quadratic
nonlinearity [Sprott & Linz, 2000]. Sprott, in 1997, proposed the simplest
example of a dissipative chaotic flow as:

T4 A -3+ =0 (4.1)

it can be equivalently written as three, first-order, ordinary differential
equations with a total of five terms. It has only a single quadratic nonlin-
earity [Sprott, 1997]. This system exhibits a period-doubling route to chaos
for 2.017 < A < 2.082. In 1963, Lorenz found the first chaotic attractor
in a 3D autonomous system when he studied the atmospheric convection
[Lorenz, 1963]. This chaotic model is described by:

t=aly—z), y=yr—y-—xz, i=xy-— P2 (4.2)

For a = 10,b = 8/3,¢ = 28, this system has 2- scroll chaotic attractor.
Also this system has three fixed points where are (0,0,0),(y/8(y — 1),

By =1),y=1), (=/B(y = 1), =/B(y = 1),y = 1).
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Later, Rossler in 1976 constructed an even simpler 3D chaotic system, writ-
ten as [Rossler, 1976]

/

o' =—(y+a), y=atay, ' =zx—cz+b (4.3)

which has, also, chaotic attractors when o« = b = 0.2, and ¢ = 2, 2.3,
3.5, 4.7, 5, 5.7, 6, 7, 8, 9, 10, 11. In 1979, he proposed further a real
four-variables oscillator, i.e., hyperchaotic Rossler system, which can be
described as follows [Réssler, 1979]:

' =by+cx

r_

y/—3+yz (4.4)
Z=—y-w

w=x+z+aw

when a = 0.25,b = 0.5 and ¢ = 0.05. This system exhibits a hyperchaotic
behavior. This System displays hyperchaotic attractor when a = 31, b = 2,
¢ =15, r = 2. In 1999, Chen discovered a 3D chaotic system via a simple

state feedback to the second equation in the Lorenz system, yielding [Chen
& Ueta, 1999]:

t=aly—z), y=—a)r+cy—2xz, Z=ay— Pz (4.5)
When o = 35,5 = 3,~ = 28, this system generate a 2-scroll chaotic at-
tractor. This system has three fixed points: (0,0,0), (v/37v,VB7,2y — «),
(=B, —VB7,27 — ).

Lii and Chen in 2002 reported a new a chaotic system which called by
others Lu system.This system bridges the gap between the Lorenz system
and the Chen system, which is: 2’ = p(y —z),y = vy —zz,2' = 2y — pz.
This system displays 2-scroll chaotic attractor when p = 36,b = p,v = 20
and has three fixed points (0,0, 0), (\/W, VIV, V). See [Lii & Chen, 2002].

In a certain sense, Lii’s equations represent a “transition” from the
Lorenz attractor to the Chen attractor: If a;; are the elements of the 3 x 3
real matrix A = (a;;) of the linearized equations about the trivial equilib-
rium point, the Lorenz system satisfies the condition aj2az; > 0, Chen’s
system satisfies a12a21 < 0, while for Li’s system one has ajzas; = 0
[Vanecek & Celikovsky, 1996]. Thus, it may be said that the Lii attractor
is “intermediate” between the Lorenz and Chen attractors. Lorenz, Chen
and Lii systems are similar but nonequivalent.
1n 2003, Liu and Chen introduced a 3D continuous autonomous chaotic
system, which can display complex 2- and 4-croll attractors [Liu & Chen,
2003]. This system can be described by the equations:

T = a1 + b1yz,y = asy + baxz, 2 = asz + bzxy (4.6)
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where a; and b;, i = 1, 2, 3, are real constants. In 2004, Lii et al. introduced
a 3D chaotic system as [Lil et al., 2004]

& =—[a1bi /(a1 + b1)]x —yz+ a2,y = ary+x2,2 =b1z + 2y (4.7)

In 1994, Sprott performed an extensive computer search in which he
found fourteen additional chaotic systems with six terms and one quadratic
nonlinearity and five terms and two quadratic nonlinearities [Sprott, 1994].
A “jerkfunction” is a function J such that the third-order ordinary differ-
ential equation can be written in the form [Gottlieb, 1996]:

i = J(&, &, ) (4.8)

where J can be considered the time derivatives of an acceleration . Linz
[1997] showed that the Lorenz and the original Rossler models have rather
complicated functional forms for J, but that Sprott’s model R can be writ-
ten as [Sprott, 2000]

T =—-—-09+2xz—-04 (4.9)
A hyperjerk system is a dynamical system governed by an n'” order differ-
ential equation with n > 3 describing the time evolution of a single scalar
variable [Chlouverakis & Sprott, 2006; Linz, 2008].

In [Chen et al., 2005] a system was introduced and studied, which is de-
scribed by:

t=a1(y—x)tyz,y=asx —y—xz,2=b1z+ay (4.10)
and Qi et al. [2005] introduced a 4D autonomous system which is:

1 = a(we — x1) + Towsxs, T2 = b(x1 + T2) — T1T324,

T3 = cr3 + x1Toxy, Ty = —daxy + 12273 (411)

where a, b, ¢, d are positive constants parameters.
In 2009, Dadras and Momeni proposed a 3D chaotic system generating two,
three, and four-scroll attractors:

T=y—a1—x+biyz,y=ay —xz+ 2,2 = azry — baz (4.12)

In the last four decades chaos has been studied within the science, mathe-
matics, physics, and engineering. Different types of chaos and hyperchaos
synchronization are introduced and studied, for example, complete syn-
chronization (CS), anti-synchronization (AS), phase synchronization (PS),
lag synchronization (LS), generalized synchronization (GS), projective and
modified projective synchronization (PS and MPS) (e.g. [Qi & Chen, 2006;
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Zhang & Lu, 2008; Femat & Solis-Perales, 2002; Femat et al., 2000, 2005;
Juan & Xing-yuan, 2007; Vincent & Laoye, 2007; Kim et al., 2003, Liu et
al., 2006; Rosenblum et al., 1997; Boccaletti et al., 2002; Mainieri & Re-
hacek, 1999] and references therein). As a definition, we will refer to chaos
(or hyperchaos) synchronization as a process wherein two chaotic (or hy-
perchaotic) systems (either identical or different) adjust a given property of
their motion to a common behavior due to coupling or forcing. Complete
synchronization is the strongest in the degree of correlation and describes
the interaction of two identical systems, leading to their trajectories re-
maining identical in the course of temporal evolution, i.e., xq4(t) = x.(t),
where x4(t) and x,.(t) are the states of the drive and response systems,
respectively. Generalized synchronization, as introduced for drive-response
systems, is defined as the presence of a functional relationship between
the states of the response and drive systems, i.e., x4(t) = f(x,(t)). Phase
synchronization is the situation where two coupled hyperchaotic systems
keep their phases in step with each other while their amplitudes remain
uncorrelated. LS implies that the state variables of the two coupled sys-
tems become synchronized but with a time lag with respect to each other.
Therefore, recently, much attention has been given to the LS, in which the
state of the response system at time ¢ is asymptotically synchronous with
the drive system at time ¢ — 7, namely, tl'gnoo |z, (t) — z4(t — 7)| = 0. Com-
plete synchronization is special case of LS when 7 = 0. PS is a situation
in which the state variables of the drive and response systems synchronize
up to a constant scaling factor §. MPS is defined if the responses of the
synchronized dynamical states synchronize up to a constant scaling matrix.
Complete synchronization (CS) and anti-synchronization (AS) are special
cases of PS where the scaling factor § = 1 and —1, respectively.

A wide variety of techniques has been employed to study chaos synchro-
nization in chaotic systems of ODEs in real variables. Some of these are:
Global synchronization, active control, adaptive control, linear and non-
linear control, feedback method and backstepping design [e.g., Agiza &
Yassen, 2001; Elabbasy et al., 2004; Chen & Lii, 2002; Ucar et al., 2006;
Yassen, 2006; Park, 2005a,b; Dai & Lonngren, 2000; Wu & Lii, 2003; Lei
et al., 2006; Huang et al., 2004; Jiang et al., 2003; Mahmoud et al., 2007a].
In recent years synchronization of chaotic systems with different order and
strictly different chaotic systems are studied (e.g.[ Femat et al., 2002; Guan
et al., 2005; Bowong, 2004] and references therein). Synchronization of
chaotic and hyperchaotic systems with unknown parameters are investi-
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gated (e.g.[Miao et al., 2009; Sudheer & Sabir, 2009; Runzi, 2008; Yassen,
2006; Park, 2000a,b,c] and references therein). Chaos control and synchro-
nization of Duffing, Duffing-Van der Pol and Van der Pol oscillators are
studied (e.g. in [Barron &Sen, 2009, Bowong et al., 2006; Kakmeni et al.,
2004, Mahmoud et al., 2001b] and references therein).

In 1982, Fowler et al. introduced the complex Lorenz model as [Fowler
et al., 1982, 1983]:

1
t=aly—z), y=cx—y—xz, Z=-bz+ §(£y+xg) (4.13)

where z and y are complex functions, z is a real function and a,b and ¢ are
positive parameters. Dots represent derivatives with respect to time and an
overbar denotes complex conjugate function. These equations describe and
simulate the physics of detuned lasers ([Rauh et al., 1996] and references
therein]). The functions z,y and z are related to the electric field and the
atomic polarization amplitudes and the population inversion respectively.
The basic properties of this system and equations of laser model are studied
in [Mahmoud et al., 2007c, 2009b].

Mahmoud [1998] has presented an approximate analytical method for
finding periodic solutions of autonomous complex nonlinear dynamical sys-
tems of the form:

P4+ w?z+ef(2,2,2,2) =0 (4.14)

where € is a small parameter, z(t) = z(t) + iy(t) is a complex function,
i = \/—1 is the imaginary unit, z(¢), is the complex conjugate function
and w? is the constant frequency of the unperturbed (e = 0) oscillator, f
is an analytic function and dots represent derivatives with respect to time
2 = dz/dt. Upon comparison with an alternative analytical method [Cveti-
canin, 2001, 1992a,b] it can be proved that the results of [Cveticanin, 1992a]
are the zero-order results of the generalized averaging approach developed
in [Mahmoud, 1998; Mahmoud & Bountis, 2004]. By parametrically ex-
cited complex dynamical systems, we mean systems which are governed by
complex differential equations with periodic coeflicients. Many dynamical
systems of practical interest can be reduced to systems of this kind. In
applied science there are a lot of problems described by two coupled non-
linear second order differential equations with periodic coefficients, which
can be written using complex variables as [Mahmoud, 2000a,b,c, 2001a,b;
Mahmoud & Bountis, 2004]:

54wz 4+ eP(Q)f(2,%,2,2) =0 (4.15)
where P({t) is a periodic function with period T' = 27 /.
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Mahmoud and his co-authors studied different complex systems with ran-
dom variables, e.g. stochastic Duffing and Duffing-Van der Pol systems [Xu
et al., 2005a, b, 2008].

In 2007, Mahmoud et al. introduced both complex Chen and Lii systems
[Mahmoud et al., 2007b, 2009a]. The complex Chen system expressed by:

r=aly—x)
y=@-—a)z—zz+y (4.16)
z=1/2(zy + zy) — Bz

while the complex Lii system written in the form:

r=p(y—x

y=—xz+vy (4.17)

z2=1/2(zy + xy) — pz
where «, 8,7, p, i and v are positive (real) parameters, © = uy + iug, y =
usz + iu4 are complex variables, ¢ = /—1 and u;, z are real functions. Dots
represent derivatives with respect to time and an “overbar” denotes complex
conjugate variables. The complex Chen system (4.16) satisfies the condition
ag4a42 < 0, while for the complex Lii system (4.17) we have agqaqo = 0,
where A = (a;;) is the 5 x 5 matrix of the linear part of the equations about
the origin x = y = z = 0. In 2008, Mahmoud presented a complex system
(5D with real variables) which displays chaotic and hyperchaotic behaviors
as [Mahmoud et al., 2008b]:

t=aly—z)+yz, Yy=cx—y—zz, Z=-bz+ %(Ey+x§/) (4.18)
where 2 = v1 +ivg, y = v3+ivy are complex functions (variables), i = v/—1,
z =wvs, and v;, 1 = 1,...,5 are real functions.

More recently, Mahmoud et al. proposed several complex models for
hyperchaotic Lorenz, Chen, and Lii systems using state feedback and com-
plex periodic forcing [Mahmoud et al., 2007d, 2008b,c, 2009¢], for example,:
Autonomous hyperchaotic Lorenz systems:

t=aly—2)tw, y=yr—y—x2 (4.19)
2=1/2@y+zy) — Pz +w, w=1/2(Ty + 2y) — ow
where w is a real variable and o is a control parameter. The dynamics of this
system is more rich in the sense that exhibits both hyperchaotic and chaotic

attractors as well as periodic, quasi-periodic (2-torus) and solutions that
approach fixed points. And non-autonomous hyperchaotic Lorenz systems:

t=aly—z)+kexp (iwt), y =vyr—y—=xz, 2=1/2(Ty+ xy)— Lz (4.20)
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where w and k are positive parameters. The complex periodic control sig-
nal kexp (iwt) is added to the first equation of complex Lorenz system.
This system is a 5D non-autonomous system and can be reduced to a 6D
autonomous one by defining a new real variable vg = wt.

4.2. Examples

In this section we state chaotic and hyperchaotic complex examples which
have been introduced and studied in our recent publications.

4.2.1. Dynamical Properties of Chaotic Complex Chen Sys-
tem

The complex Chen system expressed by: [Mahmoud et al., 2007b]

t=a(y—z), y=@O-—)z—zz+y, 2=1/2(Ty+zy) — Bz (4.21)
where a, 8,7 are everywhere taken positive (real) parameters, © = uj + ius,
Yy = ug + iu4 are complex functions, ¢ = +/—1 and z is a real function.

In this subsection we state the basic dynamical analysis of our new system
(4.21). The real version of (4.21) reads:

111 :a(U3—U1), 112 :Oé<’u,4—UQ)
U3 = (v — @) ug — urus + yus
Uy = (v — @) uz — uzus + yus (4.22)

Us = urus + usta — Pus

See Fig. 4.1. The complex Chen system (4.21) in the real version satisfies
the condition ajzas; < 0 (or assasz < 0) where A = (a;;) is the 5 x 5 matrix
of the linear part of the equations (4.22). System (4.22) has the following
basic dynamical properties:
(1) Symmetry and invariance: Symmetry about the ws-axis, which
is invariant for the coordinate transformation (uy,us,us,uq,us) —
(—u1, —ug, —uz, —u4,us).
(2) Dissipation: The divergence of the vector field F' of (4.22):
N
V.F = o,

i=1

=2y—2a—-p0 (4.23)

so this system (4.22) is dissipative for the case:

v <o+ B2 (4.24)
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(3) Equilibria and their stability: The equilibria of this system are an
isolated one at Ey = (0,0,0,0,0) (trivial fixed point) and a whole circle of
equilibria given by the expression:

ui +ui = B2y —a) (4.25)
Trivial fixed point is stable if:

2v<a and >0

otherwise it is an unstable fixed point.

To study the stability of a whole circle of equilibria:

Setting ug = u; = /B(2y — ) cosf and uy = uy = 1/B(2y — «) sin b, for
0 € [0, 27]. Therefore the nontrivial fixed points become:

Eo = (\/B(27 — a)cosb, \/B(2y —«a)sinb, /(27 — a) cos b
, VB(2y — a)sind, 2y — «), for 8 € [0, 2]

To study the stability of Ey the Jacobian matrix of system (4.21) at Ep is:

—aa 0 a 0 0
0 a0 a 0
JEg =1 =7 0 Y 0 —L.
0 —y 0 ~v —L;
Lc Ls Lc Ls _B

where L, = \/B(27 — &) cosf and Ls = /(27 — a) sin 6.
Respectively, however, they have the same characteristic polynomial, which
is:

AA+ =N+ X (a+ B—7) +vB8A — 2078 + dayB) = 0

According to Routh-Hurwitz theorem the necessary and sufficient condi-
tions for all the roots to have negative real parts if and only if:

202 ++92 -5
a>’y,a>7—ﬁ7’y>oz/2andﬁ>M

Otherwise they are unstable fixed points.

(4) Lyapunov exponents: For o = 42, v = 26, § = 4 we calculate
the Lyapunov exponents as: A1 = 1.29, Ao = 0, A3 = 0, Ay = —23.09,
A5 = —30.14. This means that our system (4.22) for this choice of «, v and
B is a chaotic system since one of the Lyapunov exponents is positive. See
Fig. 4.1c for maximum Lyapunov exponent.
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(5) Solutions of the complex Chen system: The values of the pa-
rameters and the corresponding dynamical behaviors of (4.21) can be clas-
sified numerically for o = 42, g = 4, as follows: (1) For 0 < v < 21, solu-
tions of complex Chen system approach the trivial fixed point (0,0, 0,0, 0),
(27 < ).

(2) For 21 < v < 24, solutions of complex Chen system approach one of
the nontrivial fixed points, (2v > «).

(3) For 24 < v < 31, complex Chen system has chaotic attractors.

(4) For v = 31, this system has a periodic solution.

(5) For 31 < v < 34, complex Chen system has chaotic attractors.

(6) For 34 < v < 40, this system has periodic solutions.

Other values of a, and 3 are calculated as we did for v in Ref. [Mahmoud
et al., 2007b].

(6) Synchronization of chaotic attractors: Let us now study chaos
synchronization of chaotic attractors of the complex Chen system (4.21)
using the method of active control as follows: We assume that we have
two complex Chen systems and denote the drive system by the subscript
1, while the response system to be controlled is denoted by the subscript
2. The drive and response systems are thus defined respectively as:

T1 = a(yr — 1)
y1= (v — )1 —x121 + Y701 (4.26)
z1=1/2(Ziy1 + 2151) — Bz1

and

Zo = a(y2 — x2) + (v1 +iv2)
Y2 = (v — @) 22 — 2222 + Y2 + (3 + ivy) (4.27)
7y = 1/2(Taya + 22Y2) — Bz2 + vs

where 1 = w11 + tu21, Y1 = U3l + tUq1, 21 = Us1, To = Uiz + iU, Yo =
usz + iug2 and zo = use, ‘overbar” denotes complex conjugation, vy + ive,
vs + iv4 and vs are complex and real control functions respectively, which
are to be determined and all u;; and v; variables are real. The complex
system (4.26) can thus be written in the form of five real first order ODEs:

11 = o (u31 — u11)

g1 = o (ug1 — u21)

U31 = (7 — @) u11 — ui1Us1 + yus: (4.28)
g1 = (7 — @) ug1 — Up1Us1 + YU41

U5 = ur1ugy + U211 — Bus
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In order to obtain the active control signals, we define as the “errors”
between the drive and the response system the quantities:

Cuy i€y, = To — 21 = (12 — u11) + i(ug2 — uz1)
€us; + i6u4 =Y — Y1 = (’LL32 — ’LL31) =+ i(U42 — ’LL41) (429)
Cus = %2 — %1 = Us2 — Us1

Subtracting (4.26) from (4.27) and using (4.29) we get:

éul + iéuz = [(eu3 - eul) +1 (€u4 - euz)] + (vl + iv?)
éus + iéu4 = - (eul + ieuz) + [(eul + €u3) + i(GU2 + eu4)]
— Cug (ulg + iu22) — Us1 (eul + ieuQ) + (’U3 + iv4)
Cus = —Beus + U116y, + U32Cy, + U21Cy, + Us2€y, + Vs

(4.30)

Eq. (4.30) describes a dynamical system via which the “errors” e, evolve
in time and its ODEs, when separated in real and imaginary parts, become:

éul =« (eus - eul) + v
éuz = (6u4 - euz) + v2

bus = —Q€y, +Y(€y, + €us) — EusU12 — Us1€y, + Vs (4.31)
éu4 = —Qey, + 7(6u2 + eu4) — €y U22 — U51Ey, + Vg
éu5 = —ﬁ€u5 + U11Cus + U32€4, + U21Cyy + UY2€Cy, + Vs

For positive parameters v, a and 8, we may now define a Lyapunov function
for this system by the following positive definite quantity:

V(t)=1/2) e, (4.32)
Note now that the total time derivative of V'(¢) along the solutions of system
(15) is:

V() = (0%, +ac?, + fe2,)
Tt Cus h(eul + eu3) — EyzUI2 — U51eu1]

(4.33)
+ €uy [’Y(eu2 + €u4) — €y U222 — u51€u2]
+ €us [Ur1€u; + UB2€y, + U1y + Ugz€y,] + Z?Zl Vi€,
Thus, if we choose active control functions v; such that:
v = 0
Vg = 0
v3 = —[Y(€u;, + €uz) — CuzU12 — Usi€y, ] (4.34)
Vg = _[V(Guz + €uy) — CuzUaz — U51€u2]

U5 = — [U11€uy + Ug2€y, + U21€y, + Usa€y,)
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Fig. 4.1. (a) Two numerically calculated solutions of (4.22) for a = 42, 8§ = 4 and
v = 26 with to = 0, u1(0) = —1, u2(0) = 2, uz(0) = 3,u4(0) = 4, us(0) = —5 (solid
curve) and u1(0) = —.999, u2(0) = 2, u3(0) = 3.001, ua(0) = 4, us(0) = —5 (dotted
curve). Note the exponential separation that becomes evident at ¢ 2 55, indicating
the chaotic nature of the orbits. (b) A chaotic attractor of (4.22) at a = 42, 8 = 4
and v = 26 in (u1,us,us) space and the same initial conditions leading to the solid
curve in (a). (¢) The Maximum Lyapunov Exponent of this attractor is clearly positive,
indicating that the motion on the attractor is chaotic for the same values of parameters
and initial conditions as in (b).

Eq. (4.33) yields:
V(t) = —(ae2, +ac, +Be2 ) <0 (4.35)

Since V(t) is positive definite and its derivative is negative definite, Lya-
punov’s direct method implies that the equilibrium point e,,, = 0,7 =1,...,5
of the system (4.31) is asymptotically stable, which means that e,, — 0
as t — oo, for all ¢ = 1, 2, ..., 5. Systems (4.26) and (4.27) with (4.34)
are solved numerically, for a = 42, § = 4 and v = 26 and initial condi-
tions U1 (0) = —1, u21 (0) = 2, usl (0) = 3, Uq1 (0) = 4, Uus1 (0) = —5 and
U112 (0) = —13, ug2 (0) = —12, us32 (0) = —13, U422 (0) = —14, us2 (0) = 40.
The results are depicted in Figs. 4.2 and 4.3. In Fig. 4.2 the solutions of
(4.26) and (4.27) are plotted subject to different initial conditions and show
that chaos synchronization is indeed achieved after a very small interval in
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Fig. 4.2. Chaos synchronization of systems (4.26) and (4.27) with (4.34) for o = 42,
B =4 and v = 26 with to0 = 0, u11(0) = —1, u21(0) = 2, u31(0) = 3, ua1(0) = 4,
us1(0) = —5 and u12(0) = —13, u22(0) = —12, u32(0) = —13, u42(0) = —14, us2(0) =
40. (a) u11(t) and wi2(t) versus t, (b) w21 (t) and u22(t) versus ¢, (¢) uz1(t) and uza(t)
versus ¢, (d) wa1(t) and ua2(t) versus ¢, (e) us1(t) and usz(t) versus t.

time ¢. In Fig. 4.3, on the other hand, it can be seen that the synchro-
nization errors e,, converge to zero, as expected from the above analytical
considerations.

4.2.2. Hyperchaotic Complexr Lorenz Systems

Recently, we introduced and analyzed new hyperchaotic complex Lorenz
systems [Mahmoud et al., 2008c]. These systems are 6-dimensional systems
of real first order autonomous differential equations and their dynamics are
very complicated and more rich. In this study we extended the idea of
adding state feedback control and introduce the complex periodic forces to
generate hyperchaotic behaviors.
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Fig. 4.3. Time evolution of synchronization errors, obtained as solutions of system
(4.31). (a) (eu,,t) diagram, (b) (eu,,t) diagram, (c) (eus,t) diagram, (d) (ew,,t) dia-
gram, (e) (eus,t) diagram.

4.2.2.1. Autonomous Hyperchaotic Complex Lorenz Systems

We added the state feedback control to the first and the third equations of
complex Lorenz system as:

t=aly—z)+w, y=yr—y—xz (4.36)

2=1/2(xy+zy) — Bz +w, w=1/2(Ty + ay) — ow
where w is a real variable and o is a control parameter. The dynamics of
(4.36) is more rich in the sense that exhibits both hyperchaotic and chaotic
attractors as well as periodic, quasi-periodic(2-torus) and solutions that
approach fixed points. It is complicated since (4.36) has different attractors
for very small interval values of the parameter «, 5,y and o. In this part we
present the complex behaviors of our new system (4.36). The real version
of (4.36) reads:

v = Oé(’Ug —U1)+U6, Vo :(Jé(’U4 —’UQ)

U3 = YU] — V3 — V1V5, Vg = YVUg — Uy — UaUs (4.37)

U5 = V103 + Vavg — BUs + vg, Vg = V1U3 + VU4 — OV
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System (4.37) has the following basic dynamical properties:

(1) Symmetry and invariance: From (4.37),we note that this
system is invariant under the transformation (v1,va,vs,vs,vs,v6) —
(1)1, —vV2,V3, —U4, Us, ’U6).

Therefore, if (v1,v2,vs,v4,v5,v6) is a solution of (4.37), then
(v1, —va, V3, —U4, U5, Ug) is also a solution of the same system.

(2) Dissipation: System (4.37) is dissipative under the condition 2o+

B+ o+ 2> 0 since:
g—zi Z_Z +g—v2:—(2a+ﬁ+a+2) (4.38)

(3) Fixed points of (4.37): The equilibria of system (4.37) can be
calculated by solving the following system of equations v; = 0, v2 = 0,
03 =0, 94 =0, 05 = 0 and v = 0 to get three isolated equilibria Ey = (0,
0,0,0,0,0), By = (v§, 0, v}, 0, vf, v§) and Ep = (vi*, 0, v3*, 0, vE*, v§*)
where:

. _ BRoa?B(1+0)(y = 1) = B2y + s1]
N a(l+0)[-P2(2y - 1) + s1]
. ao[-B*(2y—1) +s]

Ys Bl20a2(1 + o) + ]
. 200°B(1+0)(y—1) = By +s
¢ BRoe2(1% ) 1 A]
2007+ ) — 1) - Byt
6 (14+0)[2002(1 4 0) + 5]

*% ﬁ[20a2ﬁ(1 + 0')(’7 B 1) - ﬁQ’y B 81]

T T Al o)A@y - D) - s
*k ag[,ﬂQ(ny — ) — 51]
v = B2oa?(14+0)+ 8] ’ (4.39)
vt = 20’0[2ﬁ(1 + 0)(7 - 1) ﬁQ’y — 51
o Bl2o0a?(1+0) + f]
o = 20028(1 4+ o)(y — 1) — B2y — 51

(14+0)2002(1 4 0) + 3]

and

s1= /0172 400233 (1 +0)(y —1)(27 - 1)
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To study the stability of Fy, the Jacobian matrix of system (4.37) is:

— 0 a 0 0 1
0 —a 0 a 0 0
I — y—vs 0 —-10 —v; O
b 0 v—vs 0 —1—v2 O
V3 V4 V1 Vg —ﬁ 1

V3 vy v vy 0 —0o

The characteristic polynomial of L; ; at the equilibrium Ej is:
A+ ) A+B) N2 +Ma+1) +a(l—4)2=0 (4.40)

Then the eigenvalues are:

)\1:—0, )\Qz—ﬁ
)\3:)\4:—%[ (a+1)++(a+1)2+4da(y—1) ] (4.41)
)\5:>\6:—%[ (a+1)—(a+1)2+4da(y—1) |

So this fixed point is stable if o, 3, a are positive and 0 < v < 1. Otherwise
it is an unstable fixed point.

(4) Lyapunov exponents and dimensions: We calculated both Lya-
punov exponents of our system (4.37) and Lyapunov dimension of its at-
tractors. System (4.37) in vector notation can be written as:

V(1) =h(V(t);n) (4.42)

where V(t) = [v1(t),v2(t), v3(t),va(t),v5(t),ve(t)]" is the state space vec-
tor, h = [hq, ha, h3, ha, hs, he]t, 0 is a set of parameters and [...]' denoting
transpose. The equations for small deviations 6V from the trajectory V()
are:

SV(t) = Li(V(t);n)dV, i,j=1,2,3,4,56 (4.43)

where L; ; = —
Uy
the system is defined by:

is the Jacobian matrix. The Lyapunov exponents \; of

N B Ll
A = lim -log —— 4.44
T 3w, 0)] e
The signs of Lyapunov exponents provide a good classification of the dy-
namics of our system (4.37). The attractors of (4.37) can be described as:

(+,+,-,-,-,-) or (+, +, 0, -, -, -) a hyperchaotic attractor. The Lyapunov
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dimension of the attractors of (4.37) according to Kaplan-Yorke conjecture
is defined as:
M
D= M 4 =N
Anr1]
such that M the largest integer for which 3327, A; > 0 and Y. ), < 0.
To find A;, Egs. (4.42) and (4.43) must be numerically solved simultane-
ously. For the case « = 14, 8 = 5, v = 40 and ¢ = 15 with the initial
conditions to = 0, v1(0) = 1, v2(0) = 2, v3(0) = 3,v4(0) = 4, v5(0) =5
and vg(0) = 6 we calculate the Lyapunov exponents as: Ay = 1.83561,
Ay = 0.12738, A3 = 0, A\s = —8.568376, A\s = —21.72827, A\¢ = —29.35575.
This means that our system (4.37) for this choice of «,~, 5 and o is a
hyperchaotic system since A\; and Ay are positive values and dissipative
system since the sum of Lyapunov exponents is negative. The Lyapunov
dimension of this hyperchaotic attractor using Eq (4.45) is D = 3.22868.
(5) Different forms of HCLS’s: We constructed different versions
of the hyperchaotic complex nonlinear system based on complex Lorenz
system by adding a state feedback controller to different equations of this
system. By adding w(1 + 1) to the first equation of complex Lorenz system
we get the system:

(4.45)

z=aly—z)+w(l+i), y=~vxr —y—az (4.46)
z2=1/2@y+2y) — Bz ,w=1/2(Zy + z§) — ow
For the case a = 14, f = 5, v = 45 and ¢ = 5.5 and with the same above
initial conditions we calculate the Lyapunov exponents using Eq. (4.44)
as: A1 = 1.85633, Ay = 0.27995, A\3 = 0, Ay = —7.9393, A5 = —21.950,
A = —30.67027, and its Lyapunov dimension is D = 3.26907. Therefore

system (4.46) has hyperchaotic behavior since A1 and Ay are positive. The
third system has hyperchaotic behavior can be considered as:

r=aly—x)+w, y=yr—y—zz+w (4.47)
z2=1/2(Zy+ 2y) — Bz, w=1/2(Ty + z§) — ow
The Lyapunov exponents for the above system for « = 14, 8 =5, v = 45
and o = 15 are:
A = 1.64816, Ao = 0.44169, A3 = 0, Ay = —21.70814, \s = —22.78434
A6 = —29.7280, and D 22 3.09627. A fourth system is described by:
r=a(y—z)+iw, y=yr—y—zz+iw (4.48)
z=1/2(xy+zy) — Bz, w=1/2(Ty + 27) — ow
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From Eq. (4.44) and (4.45) for a = 14, 8 =5, v = 40 and 0 = 13 we get:
A1 = 1.50033, Ao = 0.41015, A3 = 0, \y = —18.8073, A5 = —22.61082, \g =
—29.73889, and the Lyapunov dimension of this hyperchaotic attractor is
D = 3.10158. One constructs the hyperchaotic complex Lorenz system as:

r=a(y—z), y=yr—y—zz+w (4.49)
z=1/2(Ty+zy) — Bz +w, w=1/2(Ty + 27) — ow
Calculating Eq. (4.44) and (4.45), one obtains for: o = 14, 8 = 6.28,7 =45
and o0 = 20, the Lyapunov exponents are: A\; = 1.56388, Ay = 0.53336,
A3 =0, Ay = —23.05613, A\s = —28.98295, \¢ = —31.24986, D = 3.09096.

The last system we can constructed it is:
r=a(y—z)+iw, y=yr—y—zz+w (4.50)
z2=1/2(zy+ zy) — Bz, w=1/2(Ty + x7) — ow
For the case « = 14, B = 5, v = 40 and o = 25 we obtain: \; = 1.48302,
A2 = 0.20773, A3 = 0, Ay = —22.2823, A5 = —30.66714, A\¢ = —35.29904,
D = 3.075878. It is clear that all the above systems have two positive
Lyapunov exponents and their sum is negative, which means that they

are hyperchaotic and dissipative systems. The basic properties of systems
(4.46),...,(4.50) can be similarly treated as we did for the system (4.37).

4.2.2.2. Non-Autonomous Hyperchaotic Complex Lorenz System

The idea of introducing a complex periodic forcing is applied to complex
Lorenz system to generate a hyperchaotic complex Lorenz system as follows:

& =oa(y—z)+kexp (iwt), y=yr—y—xz, 2=1/2(Ty+zy)— Lz (4.51)

where w and k are positive parameters. The complex periodic control sig-
nal kexp (iwt) is added to the first equation of complex Lorenz system.
System (4.51) is a 5D non-autonomous system and can be reduced to a 6D
autonomous one by defining a new real variable vg = wt. The real version
of (4.51) with vg = wt reads:

01 = a(vs —v1) + kcos (vg), V2 = a(vs —v2) + ksin (vg)
U3 = YU — U3 — V1V5, Vg = YU2 — U4 — V2Us, (4.52)
U5 = V103 + Vavg — PUs, Vg = w

We note that this system is dissipative under the condition 2ac+ 8+ 2 > 0.

For the case a = 15, = 5, v = 45, w = 13 and k£ = 10 and at the same
initial conditions of Fig. 4.1 the Lyapunov exponents for system (4.52) are
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A = 1.50902, \a = 0.45679, A3 = 0, \y = —23.3619, \s = —31.97240,
A¢ = 0.
This means that our system (4.52) for this choice of «,~v,8, w and k is
a hyperchaotic one since it has two positive Lyapunov exponents. The
Lyapunov dimension of this hyperchaotic attractor using Eq. (4.45) is D =
4.08414. Based on Lyapunov exponents \;, Eq. (4.44) we calculate the
parameters values of system (4.52) at which, chaotic, hyperchaotic, periodic
and quasi-periodic attractors exist. System (4.52) does not have fixed points
since 96 = w # 0. Fix a =15, 8 =5, v = 45, k = 10, and vary w (1)
our system (4.52) has hyperchaotic attractors for w € [10.90, 15.3], and
[20.64, 21.06] (2) The chaotic attractors are exist for w € [0, 8.14], [8.27,
10.90], [15.03, 20.64], and [23.59, 200]. (3) The quasi-periodic solutions
(2-torus) are exist for w lies in [8.20, 8.23], and [8.24, 8.27] This system
has also, different solutions for very small interval values of w, for example,
has hyperchaotic attractors for w € (21.21,21.23], chaotic attractors for
w € (21.12,21.21], and quasi-periodic solutions t for w € (14.46, 14.47].
Other HCLS’s using complex periodic forcing: We constructed
different forms (or versions) of the hyperchaotic complex Lorenz systems
by introducing complex periodic forces. One of them is our system (4.52).
Another system to generate hyperchaotic behavior is:

t=aly—z), y=yr—y—zz+kexp (iwt), 2=1/2(Ty + 2y)— Pz (4.53)

For the case « = 15, 8 = 5, v = 45, w = 11 and k£ = 10 and at the same
initial conditions of Fig. 4.1 the Lyapunov exponents are: \; = 1.50349,
Ao = 0.41403, A3 = 0, \y = —23.55422, \s = —31.7391, \¢ = 0, D
4.08140. The third system can be considered as:

t=aly—z)+k(l+i)cos(wt), y=yr —y—zz, 2=1/2(zy+zy) — Bz
(4.54)

Using Eq. (4.44) for the case a« = 15, 5 =5, v = 45, w = 14 and k = 10

the Lyapunov exponents of (4.54) are:

A1 = 2.08118, Ay = 0.15098, A3 = 0, Ay = —23.09784, \s = —32.50937,

A =0, D =24.096637. A fourth form is described by:

t=aly—x), y=vx —y —xz+ k(1 +1i)cos(wt), 2=1/2(zy+ zy) — Bz

(4.55)
The Lyapunov exponents of (4.55) at the same parameter values of (4.54)
are: A\ = 1.88780, Ao = 0.30321, A3 = 0, Ay = —23.10793, \s = —32.46331,
A = 0, and the Lyapunov dimension is D = 4.094816. One constructs the
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hyperchaotic Lorenz system as:

t=aly—z)+k(l+i)sin(wt), y=yr—y—xz, 2=1/2(zy+zy) — Bz

(4.56)
As we did for system (4.55) and using the same parameter values the Lya-
punov exponents and Lyapunov dimension are: A\; = 2.11361, Ao = 0.13294,
A3 =0, Ay = —23.04253, \s = —32.53083, X\¢ = 0, D = 4.09749. The last
system can be considered as:

t=aly—x), y=vx —y—xz+ k(1 +i)sin (wt), 2 =1/2(zy + zy) — Bz
(4.57)
For the case « = 15, # = 5, 7 = 45, w = 15 and k£ = 10 the Lyapunov
exponents and D are: A\; = 1.82750, Ay = 0.34214, A3 = 0, Ay = —23.18547,
A5 = —32.2315, A\ = 0, D = 4.093577. All the above systems have two
positive Lyapunov exponents and their sum is negative. The dynamics of
systems (4.53),...,(4.57) can be similarly studied as we did for (4.52).

4.3. Open Problems

This section contains many open problems in the study of chaotic and
hyperchaotic complex nonlinear dynamical systems, which need further in-
vestigations. Some of these open problems are:

Problem 4.1. Different kinds of synchronization and control of two com-
pletely different chaotic complex nonlinear systems, e.g. complex Duffing
and Van der Pol systems.

Problem 4.2. Control and different types of synchronization of two iden-
tical (or mnon-identical) hyperchaotic complex systems, e.g. hyperchaotic
Lorenz, Chen, and L1 systems.

Problem 4.3. Basic properties, control and synchronization of two iden-
tical (or non-identical) stochastic hyperchaotic complex systems.

Problem 4.4. Design electronic circuits for chaotic and hyperchaotic com-
plex nonlinear dynamical systems.

Problem 4.5. Hyperchaotic complex nonlinear dynamical systems with un-
known parameters.

Problem 4.6. Stochastic chaotic and hyperchaotic complex systems with
unknown parameters (e.g. stochastic hyperchaotic complex Lorenz).
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Problem 4.7. Fractional order chaotic and hyperchaotic complex systems
(e.g. stochastic chaotic complex Duffing).

Problem 4.8. Piece wise-linear and nonlinear chaotic and hyperchaotic
complex nonlinear dynamical systems.

Problem 4.9. Modified chaotic and hyperchaotic complexr nonlinear sys-
tems (e.g. modified complex Chen).

Problem 4.10. Non-smooth chaotic and hyperchaotic complexr nonlinear
systems.

Problem 4.11. Stochastic Non-smooth chaotic and hyperchaotic complex
nonlinear systems.

Problem 4.12. Complex Chua and modified Chua systems.
Problem 4.13. Complez jerk, hyperjerk, and Sprott systems.

Problem 4.14. Stability analysis, synchronization and control of chaotic
and hyperchaotic complex nonlinear systems with different order.

Problem 4.15. Chaotic and hyperchaotic complex nonlinear systems with
different order and unknown parameters.

Problem 4.16. Higher order chaotic and hyperchaotic complex nonlinear
systems (more than 6D).

Problem 4.17. Generating chaotic and hyperchaotic attractors with two,
three and more-scroll of complex nonlinear systems.

4.4. Conclusions

The dynamics of chaotic and hyperchaotic complex nonlinear systems con-
tinues to be a challenging field for many researchers,concentrating on chaos
and hyperchaos synchronization, stability analysis, bifurcation phenomena,
and chaos (or hyperchaos) control. In this paper, we have sought to demon-
strate that equally interesting problems arise and with broad applications,
when the dynamics is expressed in terms of complex variables. In the litera-
ture much attention has been devoted to nonlinear dynamical systems with
real variables. As is well-known, there exist interesting cases of dynamical
systems where the main variables participating in the dynamics are com-
plex, as for example when amplitudes of electromagnetic fields and atomic
polarization are involved [Rauh et al., 1996; Fowler et al., 1982, 1983]. In-
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troducing complex variables (or increasing the dimension) is also crucial in

chaos synchronization used in secure communications, where one wishes to

maximize the content and security of the transmitted information. Some of

our proposed open problems become reasonable material for Ph.D. theses.
It is hoped that the results reviewed here and the proposed open problems
increase our knowledge of the dynamics of chaotic and hyperchaotic com-

plex nonlinear dynamical systems, which is still far from what has been
achieved to date for dynamical systems with real variables.
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Relevance of electronic circuits in the study of nonlinear dynamical sys-
tems is now a proven fact. After the advent of Chua’s Circuit, there
has been tremendous development, and subsequent research have seen
to be highly fruitful. In this paper, we have developed a new chaotic
system with the help of an electronic circuit which was made from usual
electronic components, and analyzed its subsequent output. The cor-
responding time series and attractor are studied from the topological
point of view. It is observed that the Poincaré map leads to the binary
symbolic representation of the kneading sequence and the attractor is
populated by quite a high number of period 2, 3 and 4 orbits. Later
the linking number and the torsion of the system are computed, and
the template is designed leading to a global understanding of chaotic
scenario.

Keywords: New chaotic attractor, time series analysis, symbolic dynam-
ics, template structure.
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5.1. Introduction

Application of electronic circuit to the study of nonlinear dynamical system
and analyzed of a set of nonlinear ODE are vice-versa. While the former
approach gives an experimental visualization of the chaotic output of the
time series obtainable from the non-linear ODEs, the later approach can
be used as a tool for the analysis of the circuit whose output we usually
observe on an oscilloscope. Perhaps one of the most famous system falling
in this category is Chua’s circuit [Matsumoto, 1984]. Chua proposed this
as a good paradigm for a novel nonlinear system, realizable practically in
the laboratory. Among various possible utilities of such realization of non-
linear system in terms of circuits [Freire et al., 1993 ], the most important
one is the effective understanding of synchronization of two such systems
[Cuomo et al.,, 1993] and their subsequent use in encryption for message
transmission. Since such an event is basically dependent on the chaotic
aspect of the corresponding dynamical system, it is very much pertinent
to have deep understanding of the organization of the unstable periodic
orbits of such a nonlinear system. At the present moment such an un-
derstanding can only be realized through the topological analysis of the
attractor and the symbolic encoding of periodic orbits. A major amount
of research in this direction was done by Birman and Williams, Gilmore,
Lefranc and many others [Birman et al., 1983; Solari et. al., 1988; Lefranc
et al., 1993; Letellier et. al. 1994; Letellier et. al. 1995; Gilmore et al.,
1995; Gilmore et. al., 2002]. Mindlin was the first one to apply the present
method to experimental data series [Mindlin et al, 1991; Mindlin et al.,
1992]. Most of the case the horseshoe structure plays prominent role in
many attractors. Attractors with non-horseshoe structure are rare but not
unheard off [Boulant et al., 1997; Boulant et al., 1998]. Recent works on
the same field, which must be noted, are [Kiers et al, 2004; Ray et al.,
2009].

So here in this paper we have proposed a new system developed from an
electronic circuit involving the usual operational amplifiers and multiplexer,
along with the standard set of resistor and capacitors which ultimately leads
to a new nonlinear system. The electronic simulation of the circuit shows
a very beautiful chaotic attractor, along with some of its periodic orbits.
Next we deal with the details of the bifurcation pattern and its various
properties. The overall global behavior is then studied through a detailed
study of unstable periodic orbits and their organizational pattern. In this
respect we have given the detailed symbolic sequence of them. Which are
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then used to find the torsion and linking number associated with them.
Lastly the template or knot holder is constructed.

5.2. Formulation

The electronic circuit under consideration is shown in Fig. 5.1. In it we have
used seven op-amps IC’s UA741 and the multiplexer AD 633. The output
is observed in the double beam Oscilloscope (Scientific SM410). The values
of the other electronic components are as shown in the Fig. 5.1. Here all
resistance are of five percent tolerance.
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Fig. 5.1. Circuit diagram of the electronic circuit.

In Fig. 5.2 we show a snapshot of the attractor as seen on the oscilloscope
screen. Fig. 5.2a shows the xz projection where as Fig. 5.2b shows the yz
projection as obtained in oscilloscope. The triggering of the circuit is done
by the following conditions noted below.
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(a) To keep the number of active components to a minimum to reduce
the extraneous noise introduced by the circuit.

(b) Voltage limit for the various components are not to be exceeded to
ensure that the components operate within manufacturer specifications.

(c) It should be noted that at all point of the circuit the signal is lager
than the background noise.

(a) (b)
Fig. 5.2. The phase space plots obtained from the oscilloscope. (a) = vs z. (b) y vs z.

By following the usual conventions we can write down the nonlinear
dynamical equations governing the circuit as:

v =aly —z) + yz?
Y =cr—y—x2? (5.1)
7 =xy—bz

where x,y, z respectively denotes the voltages associated with the three
branches 1,2,3 in Fig. 5.1. For the circuit representation we have scaled
the variables z,y,z as u = 7,
parameters which depends upon the characteristics of the circuit.

100,100 10(Ru)
Riy’ Ris’ R

This is nonlinear dynamical system of third order which is introduced
for the first time.

The fixed points are given as

Eo(0,0,0), Bx(z4,y+, 24 ), Ba (@4, y—, 24)

v = % and w = 5. Here a,b and c are some

a =

Es(v—,ys,24), Ba(z—,y—, 24)
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where

bz

Ty =4y ——
cC— 2

y+ = £+/bz(c— 2?)

Zi:i\/c—ai\/(c—;)Q—lla(l—c)

Linearizing about Fy, we get the characteristics equations;
Mt (@a+b+DA2+ba+1)A=0 (5.2)
with eigenvalues:
M=0,=—(a+1),A3=-b

So this equilibrium Ej is always stable. Same procedure is applied to the
point E(zq, yo, 20) leads to,

N4+ AN+ AN+ A5=0

where the coefficients are given below. Since this equation contains even
powers of xy and ¥y so that stability depends only on the sign of zg.

Ai=a+b+1
Az = (202 + a)(20% — ¢) + a+ b+ ab+ 2z (23 — y3)
As =a(b+22¢z0) + &
€ = (a+ 22)(bz2 — be + 2x0y020) — 2T0Yozo(c — 23) — 2y320

(5.3)

The roots of Eq. (5.2) gives the indication of various types of stability,
corresponding to the perturbation around (zg, yo, 20). Now Routh-Hurwitz
criterion dictates that the real parts of these roots are positive if and only
if Ay > 0,A3 >0 and A1 A5 > As.

For our analysis we have restricted ourselves to the values of a €
[15,35],b = 8.1 and ¢ = 45.0. For these set we can also have a pair of
complex conjugate eigenvalues leading to a Hopf bifurcation. In this case,
our fixed point is (0,0,0). But we do not study these routes. On the other
hand, in Fig. 5.3 we show bifurcation diagram for a € [15, 35] and the above
mentioned values of b, c. This was drawn from the data collected from the
electronic circuit shown in Fig. 5.1. From Fig. 5.3 it is quite clear that the
system gives full blown chaos at ¢ = 25.0,b = 8.1 and ¢ = 45.0. At these
parameter values, the data are analyzed in the following section.
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Fig. 5.3. The bifurcation diagram for a € [15.0,35.0], b = 8.1 and ¢ = 45.0.
5.3. Topological Analysis and Its Invariants

Before proceeding to the actual analysis, it is important to say few words
about the necessity and relevance of the present method in the domain of
nonlinear dynamics. In fact, main idea of such an analysis is organizing
host of stable and unstable orbits residing in an attractor to study their
geometry and get a global picture.

If one wants to understand chaos in a dynamical system, one must able
to visualize underlying structure of a strange attractor. In particular, we
must understand the organization of different periodic orbits in a strange
attractor. The usual quantitative measures, which are generally used, can
not do this job. One such aspect is the different linking of the orbits usu-
ally expressed through Gaussian linking numbers and another aspect is the
relative rotation rate, which is introduced by Gilmore et al. Of course, one
should remember that many of these concepts are at present applicable for
three dimensional systems only.

In fact, the different stretching and squeezing mechanisms generate dif-
ferent types of strange attractor. The topological analysis of the unstable
periodic orbits provides a clear fingerprint for these mechanisms. There is
a geometric structure that supports all the unstable periodic orbits with
the same unique organization. These organized structure are called a knot
holder or branched manifolds or templates. They are identified by a set of
integers.
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Furthermore, there is a straightforward way of extracting the signature
of a strange attractor from the data. The input is a time series, while the
output consists of a branched manifold. The intrinsic idea of a topological
analysis is to reveal the ways of stretching and squeezing mechanisms and
their relations to the geometry of the attractor. The basic idea in its most
elementary form is the Smale horseshoe. Because it is the main underlying
structure of many of the chaotic systems. Of course there exists other
variations which called reverse horseshoe, non horseshoe, etc.

The third mechanism, which is very crucial in the formation of an at-
tractor, is the tearing mechanism which plays a vital role in the Lorenz
system. The whole idea of a topological analysis is the study of these pro-
cedures (stretching, squeezing and tearing) for determining the geometry
of an attractor and analyzing their variations with parameters. Such a
phenomenon is usually known as unfolding of an attractor. If the control
parameters are changed new unstable periodic orbits arises but the under-
lying manifold remains the same.

A basic tool for performing the above analysis is the so called sym-
bolic dynamics, which provides a simple but faithful representation of the
chaotic dynamical system. Quite often it is obtained by computing the
Poincaré section of the attractor and symbolic dynamics give a very in-
teresting view of the various mechanisms which is underlying a given dy-
namical system by simplifying the time series. In this connection, one may
note that unstable periodic orbits can be located by the method of closed
return segments which can be extracted from the data. The next impor-
tant tool is the Birman—William theorem. This theorem actually deals with
the fact that the intertwining character of the orbits remains intact even
when projected on a two dimensional manifold. This makes the analysis
easier. The template or knot holder actually summarizes the topological
invariants and is usually associated with a template matrix and interwind-
ing matrix. Template matrix is actually made up of linking and self linking
numbers of different period one orbits and the interwinding matrix tells
how these period ones are linked with one another. In the literature, de-
pending on the form of the matrix and the data set the system is called
non horseshoe.

People have already tried to apply these type of considerations for higher
dimensional systems by means of suitable projections. In this connection
the work of Bekkei [Bekkei, 2000] is worth mentioning.

Topological analysis procedure consists of the following successive steps.

(a) Closed Algorithm: This algorithm is used to locate the segment in
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the chaotic time series which can be used as surrogate for unstable periodic
orbits which actually populate the attractor.

(b) Topological constant: The topological organization of the unstable
periodic orbits extracted from the time series is determined by calculating
linking numbers of all pairs of periodic orbits so extracted and their self
linking numbers.

(¢) Template identification: The form of the template or knot holder of
all UPOs is obtained on the basis of linking.

(d) Template Verification: Once template have been tentatively iden-
tified it can be used to find the linking number and self-linking number.
later they can be compared with those obtained from the surrogate orbit.
if they match the template is alright.

5.4. Application to Circuit Data

5.4.1. Search for Close Return

Periodic orbit for a flow are reconstructed from directly sampled time series
data x(7) using a straight forward procedure. The time series data are
scanned for close return (strong recurrence properties):

dlz(i) —z(i+n)] <e

Typically number of sampled steps n between close return is an integer
multiple of some smallest number, which can be associated with the fun-
damental period of periodically driven dynamical system. Segments of the
period k(= n/ng) are compared, and those remain closed throughout the
period are associated with the same unstable periodic orbit of period k.
This unstable orbit is estimated by choosing the orbit with best recurrence
properties

We now discuss how the above steps can be implemented for the data
collected from the circuit given in Fig. 5.1. Such close return segment can
be located in the original data as follows. If z(i) (i=1,2,... N, N is the
length of the data) and x(i + p) are the coordinates of two points which are
neighbor of some appropriate phase space; then (i + 1) and z(i + 1 + p)
will have approximately equal values, as well (i + k) and z(i + k + p) for
some sequence of values of k=1,2, ..., where p is the period of a nearby
UPO, measured in unit by sampling time. Such segment can be recognized
by collecting points with the property |z(:) — z(i + p)| < €, where € is very
small. In our case we used ¢ = 0.005. The number of close return is plotted
against p in Fig. 5.4. Here this is evident that the minimum number of
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Figure: 4
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Fig. 5.4. Histogram plot of the close return obtained from the data at a = 25.0,b = 8.1
and ¢ = 45.0.

time step (measured in unit of sampling time) at which maximum number
of close return occurs is 30. So the period of period-1 orbit is 30 i.e. ng.
Other periods are its integer multiple. The details of the procedure can
be found in Lathrop and Kostelich [Lathrop et al., 1989]. Surrogate UPOs
extracted through the above mentioned method are shown in Fig. 5.5.

It may be mentioned that the topological approach is based on the
organizing the unstable periodic orbits whose linking properties severely
constrain the structure of the strange attractor. A quantitative topological
characterization of low dimensional chaotic sets requires a good symbolic
encoding of the trajectories which is given by first return map build on the
Poincaré section defined as follows:

P, = {(z,y,2) € R*: Lj{—j =0} (5.4)
A mask of the attractor which may be viewed as the knot-holder of
the chaotic system is build after many visual investigations in the tri-
dimensional state space. This mask is related to the stretched and folded
band on which asymptotic trajectories evolve in the state space. Such an
approach can be used whenever the vector field is strongly dissipative and
if the Lyapunov dimension is less then three. This method was first in-
troduced by Birman and Williams on the Lorenz system. Once the knot
holder is extracted, the topology is synthesized onto a template, which is
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Figure : 5
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Fig. 5.5. Periodic orbits extracted from the data set through the method of close return.
(a) period-1, (b) period-2, (c) period-3, (d) period-4, (e) period-5.

described by the linking matrix Mj;;, in which ¢ and j run from 0 to maxi-
mum symbolic name n (for example 0 to 1 in our case).

In the last few decades, several research workers have studied the char-
acteristics of a unimodal map under the variation of the control parameter.
Such map is the actual output of the Poincaré section defined by Eq. (5.3a).
The associated symbolic dynamics of the resultant unimodal map is useful
to describe the creation of periodic orbits.

A unimodal map is actually divided into two parts increasing and de-
creasing half. These two are separated by critical point C' (which is the
maxima in our case). The increasing and decreasing branches are labeled
by 0 and 1 respectively. Then each point z,, of the invariant set of the map
possess a code K (z,) = 0, defined by:

_J0 if x, <C
9=\ if z, >C

Consequently, a trajectory starting from 2 with k(z) = o1 may be encoded
by a string of successive codes reading as

S = 0102...0f...
In a period-p orbit, a substring S contains p codes and reads as
g = 0102...0p

with 01 = o0p.



On the Study of Chaotic Systems with Non-Horseshoe Template 95

A periodic orbit may then be encoded by symbolic sequence (W) which
is given by a sub-string S.
32 ; ; : :
M |
30+ i
29 ;‘/\_\
28 / N

at / \ |

26 I:" \

X1
.2

25 x’r Y

/ A,
/
24 / %

23t / \ 1

22+ 1

2 L L 1 L |
20 22 24 26 28 30 32

Fig. 5.6. Poincaré section obtained at a = 25.0,b = 8.1 and ¢ = 45.0. Here the critical
point i.e. maxima is at z. = 25.7.

In this case, we consider the first return plot for the successive max-
ima and it is shown in Fig. 5.6. We define the maxima of such map as
(x. = 25.7). The increasing branch to the left of z. is defined with ‘0" and
decreasing branch is defined with ‘1’ which automatically preserve their
parity. The increasing branch has even parity so it is denoted by even
number. All the periodic orbit are encoded with binary symbols following
the prescription given in the reference [Hao, 1989]. We have shown in Ta-
ble.5.1, the state of 31 such periodic orbits extracted with the help of close
return and encoded with binary symbolic dynamics.

5.4.2. Topological Constant

Now, for template identification we recapitulate a theorem due to Birman
and Williams which greatly facilities the diagnosis of the dynamics of the
system, which exhibits chaos and has hyperbolic invariant sets. It states
that on can project the periodic orbits of a hyperbolic strongly contracting
flow into a two dimensional projection keeping all the topological property
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intact. Once the UPOs are extracted from the attractor at a particular
parameter values, one can go on to calculate the topological invariants like:
i) Self linking number and local torsion of each periodic orbit and ii) The
linking number of the pairs of orbits.

The linking number of the two periodic orbits A and B represents how
many times A wind around B. Obviously, (k(A, B) = lk(B, A). If Xa(t)
and Xg(t) denotes the trajectories in phase space and P4T and PgT are
their periods, then linking number of A and B is the Gauss integral:

lk(A B) B i /PAT /PBT (XB - XA) . (dXA A dXB) (5 5)
’ r J, 0 IXB — Xall® .

But it is difficult to calculate the above Gaussian integral. To our relief,
this linking number can be written as:

Ik(A,B) = % > o (5.6)

where o; represents the " signed crossing between A and B. Thus, one
can calculate the linking number between two orbits A and B by counting
the number of signed crossing. Here o; is +1 or -1 depending on whether
it is over cross or under cross. While calculating the self linking number
for a periodic orbit A, which represents the linking of a periodic orbit with
itself, we have to modify the Eq. (5.5) as

Slk(A) =) o (5.7)

But this self linking number is not a topological constant in R? space. This
is constant in R? x S space.

We have calculated linking number and self linking number of a 31
orbits extracted from the dynamical system at (a = 25.0,b = 8.1, ¢ = 45.0)
and they are shown in Table. 5.2. The diagonal of this table gives the
self linking number of the corresponding orbits and off-diagonal elements
give the linking number between respective orbits. An example calculation
is shown in Fig. 5.7. In Fig. 5.7a we have five black dots and one blank
dot. This dots represent the crossing points of period three (100). Black
dots are positive crossings and blank dot is negative crossing. Thus, the
total positive crossing number is 4. Thus, the self linking number of the
corresponding periodic orbit is 4 (from Eq. (5.6)). In Fig. 5.7b, we have
shown the linking between above period three orbit and period one orbit
(T). The total positive crossing number between one (1) and three (100)
orbit is 6. Hence, the linking number is 3 (from Eq. (5.5)). At last we come
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Fig. 5.7. (a) Example of calculation of the self linking number of period-3 (100). (b)
Example of calculation of the linking number between previous period-3 orbit and period-
1 (1) orbit. Black dots show +wve crossing and blank dot shows —ve crossing..

to the part of calculating the local torsion. Local torsion measures which
way the trajectories infinitely close to a periodic orbit wind around. As
one follows the UPO over one period P47, the directions of the local stable
(W7 (A)) and unstable (W}*(A)) manifold rotates by an integer number of
half turns. This number is defined to be local torsion.

In numerical simulation ©; can be computed by using linearization of
equation of motion around the periodic orbit. Given a set of ODEs

dX
o =X (5.8)

The linearized equation govern the time evaluation of infinitesimal pertur-
bation 0 X of trajectory X:

X
W — J(X, 05X (1) (5.9)
where Jacobian matrix is given by
afi(X,t)
Jij (X t) = ——"—= (5.10)
! X

Given a periodic orbit X 4(t) of periodic P4T, its Floquet matrix Ma(t),
which expresses the linear relation between X (t4+P4T') and X (t) is given by:

(5X(t+PAT) = MA(t) X (5X(t) (5.11)

can be computed by integrating equation-21 over one period of the orbit
for a basis of initial condition.
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The eigenvector &,(t)(£,(t)) with eigenvalue smaller (greater) than in-
dicates the direction of the local stable (unstable) manifold. Integrating
Eq. (5.7) with initial condition (§X(0) = &,(0)), the local torsion is then
given by the formula similar to Eq. (5.6):

1 [PaT SXANSX
@l(A):—/ ne | ———— | dt
T Jo [6.X]|2

In our case, the local torsion of the extracted orbits are given in the 5"
collum of Table. 5.1.

5.4.3. Template Identification

Now for template identification we recapitulate a theorem due to Birman
and Williams which greatly facilities the diagnosis of the dynamics of the
system, which exhibits chaos and has hyperbolic invariant sets. It states
that on can project the periodic orbits of a hyperbolic strongly contracting
flow into a two dimensional projection keeping all the topological property
intact.

The attractor is the result of scratching and folding of branches con-
tained in it. To find the topological signature one computes the various
linking numbers as coated above.

The actual template is represented with the help of a sequence matrix
‘T’ (template matrix) and row matrix ‘I’ (layering matrix), as we have a
two latter symbolic dynamics we need a two branch template. Hence the
template matrix is 2 x 2. Here T'(4,7)(¢ = 1,2) are the local torsion of the
respective branches and T'(¢, j)(i # j) are the two times the linking number
between ¢ and j branches.

Now, in our case for a given symbolic name and its (self) linking number,
form Table. 5.1 and Table. 5.2 we have:

slk(01) =to1 + 101 =1

o ]. ]. ’/Ttll _
k(1,01) = glor + 5t + — lon =2
_ 1 3 mt11 .
lk(LO].].].) = §t01 + §t11 + Tlm =4

where m(n) = 0 or 1 if n is even or odd. From these equations we have the
solutions

to1 = Q’too = 1,t11 =2 and l()() =0 lOl =-1
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Table 5.1. Number of UPOs of lowest periods of the attractor at a = 25.0,
b = 8.1 and ¢ = 45.0. The coordinate of outermost point of a periodic orbit
are given. The 5" collum shows the torsion of the periodic orbits and 6"
collum shows symbolic representation.

Period T Y z Torsion Symbol
1 27.22653961  5.82991600  9.97722244 2 1
2 28.41831017  4.86866093  10.27653027 3 10
3 29.14678955  4.95937300  10.42918015 4 100
3 28.86454964  5.98923016  10.32627964 5 101
4 24.39430046  5.78171015  9.36116791 7 1011
4 22.85643005  5.02072716  9.06855679 6 1001
4 23.52930069  5.12330723  9.20887566 5 1000
5 24.48052979  5.42578602  9.39905834 8 10011
5 28.32622910  4.90867901  10.25510025 8 10110
5 24.19331932  5.03287601  9.35718346 9 10111
5 23.22990036  5.62540388  9.11529827 7 10010
6 24.08344078  5.51888895  9.30766201 9 100110
6 26.23648071  5.10144520  9.79607010 9 100101
6 24.60808945  5.73530817  9.41054058 8 100010
6 23.02000999  5.21304989  9.09308338 10 100111
6 22.61001968  5.43769121  8.99111462 9 100011
6 27.48838997  5.05273008  10.06863976 10 101110
7 22.99939919  5.36159706  9.08080482 10 1000110
7 22.53750038  5.22127485  8.98803711 11 1000111
7 23.08420944  5.39799595  9.09652519 12 1001111
7 23.10082054  5.30026388  9.10568619 11 1001110
7 23.49983978  5.65282297  9.17268753 10 1001100
7 23.28076935  5.13868999  9.15378189 10 1001010
7 28.84127045  5.15495396  10.35569954 12 1011011
8 23.28663063  5.40131903  9.14086533 11 10001010
8 24.42577934  5.01268578  9.40871906 13 10011101
8 24.05154037  5.17466593  9.31896210 13 10110110
8 24.07251930  5.35114002  9.31408310 12 10010110
8 23.03689957  5.77074718  9.06473064 13 10011110
8 29.63946915  5.51650810  10.51294994 12 10001110
8 22.56929016  5.06350899  9.00404739 13 10001111

Hence, the template can be written as
12
22

(0-1)

The two dimensional flow described by the above matrix is shown in Fig. 5.8.
This kind of spiral template has rarely been seen in the literature. The
arrow denotes the direction of the flow. On the left side the twisted part is
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Table 5.2. The linking number and self linking number of UPOs of lowest period (at
a = 25.0,b=28.1 and ¢ = 45.0) are given. UPOs are ordered in the same order as those
of Table. 5.1.

Period |1 2 3 3 4 4 4 4 5 5 5 5 6 6 6 6 6
1 0o 2 3 3 4 4 4 5 5 5 5 6 6 6 6 6 6
2 21 4 4 6 6 5 8 7 8 6 8 8 7 10 9 9
3 3 4 4 6 9 9 8 12 10 12 10 12 12 12 15 13 13
3 3 4 6 4 9 9 8 12 11 12 10 13 13 12 15 14 14
4 4 6 9 9 9 12 12 16 15 16 15 18 18 18 20 19 19
4 4 6 9 9 12 9 12 16 15 16 15 18 18 18 20 18 18
4 4 5 8 8 12 12 7 16 13 16 12 16 16 14 20 17 17
5 5 8 12 12 16 16 16 16 20 20 20 24 24 24 25 24 24
5 5 7 10 11 15 15 13 20 14 20 17 21 21 20 25 23 23
5 5 8 12 12 16 16 16 20 20 16 20 24 24 24 25 24 24
5 5 6 10 10 15 15 12 20 17 20 12 20 20 18 25 22 22
6 6 8 12 13 18 18 16 24 21 24 20 21 25 24 30 27 27
6 6 8 12 13 18 18 16 24 21 24 20 25 21 24 30 27 27
6 6 7 12 12 18 18 14 24 20 24 18 24 24 17 30 26 26
6 6 10 15 15 20 20 20 25 25 25 25 30 30 30 25 30 30
6 6 9 13 14 19 18 17 24 23 24 22 27 27 26 30 23 28
6 6 9 13 14 19 18 17 24 23 24 22 27 27 26 30 28 23

encapsulate the template and layering matrix. Rest of the part is preflow.
There are two distinct branches ‘0’ and ‘1’. The ‘0’ branch is twisted about
itself once. This represents the local torsion of branch '0/ (tg9 = 1). Similarly
the ’1’ branch is twisted about itself twice (11 = 1). Now the two branches
are linked with each other twice i.e. 51 = 2. Now come the bottom part.
here strip ‘1’ is in the background of ‘0’ as lp; = —1 and lpg = 0.

5.4.4. Template Verification

The template matrix and the layering matrix obtained above were used to
find the linking number and self-linking numbers of the different orbits and
they are matched with values in Table. 5.2. The matching of these values
verifies the template.

5.5. Conclusion and Discussion

In our above analysis we have constructed a new nonlinear system based
on an electronic circuit made of usual op-amp, resistant, multiplexer capac-
itance etc. The data generated are collected and analyzed from the view
point of the global chaotic scenario. We have extracted the UPOs and other
symbolic sequence, which are latter used to compute self linking, cross link-
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Fig. 5.8. The two dimensional figure of the template of the attractor obtained at a =
25.0,b = 8.1 and ¢ = 45.0.

ing and torsion. The template matrix is then calculated and constructed.
The form of template matrix and following diagrammatic figure suggests
that we are dealing with non-horseshoe template.

Lastly, it can be ascertained that one of the few important problems
in chaos theory are the identification of system with non-horseshoe chaos,
its topological characterization, and subsequent identification of electronic
circuit which will simulate such nonlinear system. In the present paper
we have touched up an all these three aspects where the analysis is based
on our new nonlinear system which has got higher order nonlinearity of
our system with the Lorenz case can be seen from the projections of the
attractors as observed on the oscilloscope. But the detailed topological
analysis clearly exhibits a different and distinct structure.

We may conclude by noting some present problems in chaos research
which need immediate attention:

Problem 5.1. Circuit realization of bifurcation and Poincaré map, which
are the basic of every instability study, are still not a very well studied
matters.

Problem 5.2. Though above mentioned topological method gives very good
result for any systems whose York dimension is less than three, it falls flat
for higher dimensional systems. This is because of the fact that the links
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upon which this method is heavily based upon become very simple (‘unknot-
ted’) for dimensions greater than three and so a global constant like linking
number is still absent for higher dimensional system. People have tried to
apply the above method for higher dimensional systems by projecting them
on the inertial manifold whose dimension is less than three. But the appli-
cability of that method is very limited. So we need to improve the method
for higher dimensional systems to understand them properly. For that we
must find a global constant like linking number.

Problem 5.3. Mention should be made of systems which involve delay. A
proper topological characterization of delay system is still missing. So a
large class of systems is still out of reach for the above method.
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6.1. Introduction

It is well known that the investigations of qualitative behaviors of solutions
of higher order nonlinear differential equations are very important problems
in the theory and applications of differential equations. See, in particular
the papers of Linz [2008], Chlouverakis & Sprott [2006] and the references
cited in these papers.

With respect to our observation from literature, in the last three
decades, many authors give much attention to investigate instability of so-
lutions of nonlinear ordinary differential equations of fourth and fifth order
without delay of the form:

e W () + AT (t) + Agii(t) + Asi(t) + Agz(t) =0

105
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and
2O (t) + Bia™W () + By (t) + Bsi(t) + Byi(t) + Bsz(t) =0

where x € éR, t e éR_A,_, §R+ = [0,00), Ay, Ag, Az, Ay, B1, By, B3, B4 and
Bs are not necessarily constants. For a comprehensive treatment of the
subject we refer the reader to the papers of Ezeilo [1978a, 1978b, 1979a,
1979b, 2000], Skrapek [1980], Tiryaki [1988], Tung [2004, 2005, 2006, 2008],
Tung and Erdogan [2007], Tung and Karta [2008], Tung and Sevli [2005], C.
Tung and E. Tung [2004] and the references cited in these papers for some
works performed on the topic, which include some nonlinear differential
equations of fourth and fifth order without delay.

It should be also noted that throughout all of these papers, based on
Krasovskii’s properties (see Krasovskii [1955]), Lyapunov’s [1966] second
(or direct) method has been used as a basic tool to prove the main results.
That is to say, if solutions of any differential equation under consideration
are known in closed form, we can determine the instability properties of
the system or the solutions of differential equation, appealing directly the
definition of instability. However, in general, it is not always possible to
find the solution of all linear or nonlinear differential equations. Moreover,
finding solutions can be even more difficult for delay differential equations
rather than ordinary differential equations. Therefore, it is crucial to obtain
information on the instability of solutions of differential equations while we
have no analytical expression for solutions. By Lyapunov’s [1966] second (or
direct) method, one can determine the instability of solutions by construct-
ing a suitable auxiliary function or functional, without solving a differential
equation without and with delay under consideration. That is, the method
yields stability and instability information directly, i.e., without solving the
differential equation. But, construction of appropriate Lyapunov functions
and functionals for higher order ordinary or delay differential equations re-
main as a general problem in the literature. In the following theorems, we
give basic idea of the method about the instability of solutions of ordinary
and delay differential equations.

The following theorem, due to the Russian mathematician N. G.
Cetaev’s (see LaSalle & Lefschetz [1961]).

Theorem 6.1. Instability Theorem of Cetaev’s Let ) be a neighbor-
hood of the origin. Let there be given a function V(z) and region Q1 in Q
with the following properties:

(i) V(x) has continuous first partial derivatives in Q.
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(it) V(x) and V (x) are positive in Q.
(iii) At the boundary points of Qy inside Q, V(z) = 0.
(iv) The origin is a boundary point of €.
Under these conditions the origin is an unstable.
Let » > 0 be given, and let C' = (C[-r,0], R™) with
I = _max lé(s)], & € C.
For H > 0 define Cy C C by
Cu={¢cC:|oll <H}.
If 2 : [-r, a] = R" is continuous, 0 < A < oo, then, for each ¢ in [0, A), x4
in C' is defined by
zi(s) =zt +s),—r<s<0,t>0.
Let G be an open subset of C' and consider the general autonomous
delay differential system with finite delay
& =F(zy),xs =2t +0),—1r<60<0,t>0

where ' : G — R is a continuous and maps closed and bounded sets into
bounded sets. It follows from these conditions on F' that each initial value
problem

& =F(z¢), 20 =0 €CG

has a unique solution defined on some interval [0,4), 0 < A < oo. This
solution will be denoted by x(¢)(.) so that z¢(¢) = ¢.

Definition 6.1. The zero solution, x = 0, of & = F(x;) is stable if for each
g > 0 there exists 6 = §(¢) > 0 such that ||¢|| < § implies that |x(¢)(t)] < e
for all t > 0. The zero solution is said to be unstable if it is not stable.

Theorem 6.2. Suppose there exists a Lyapunov function V : G — R4 such
that V(0) = 0 and such that V(z) > 0 if x # 0. If either
(i) V(¢) >0 for all ¢ in G for which
Vi) = max VIg(s)] >0
or
(ii) V(¢) >0 for all ¢ in G for which
V[¢(0)] = min Vig(s)] >0

—s<t<0

then x =0 of & = F(xy) is unstable (see [Haddock €& Zhao, 2006]).
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It should be noted that the theory of Lyapunov functions and functionals
is a global approach toward determining asymptotic behaviors of solutions.
It is worth mentioning that constructions of that functions and functional
remains as a general problem in the literature. This theory became an
important part of both mathematics and theoretical mechanics in twentieth
century

However, to the best of our knowledge, we could not see any instability
results in the literature for fourth and fifth order delay differential equations
of the forms:

e (1) + AyE(t — 1) + Agi(t — 1) + Azt —7) + Agz(t —7r) =0
and
2O (t) 4Bz (t—r) 4+ By (t—r) + Bsi(t—r) + Byi:(t—r) 4+ Bsz(t—r) = 0

where z € R, t € R4, N4 = [0,00), r is a positive constant fixed delay, Ay,
Ay, Az, Ay, By, By, B3, By and Bs are not necessarily constants.

Our aim here is to introduce some open problems related to instability
of the trivial solution of delay differential equations in the above forms. The
motivation to write these problems for the delay differential equations in the
above forms comes from the foregoing papers done for ordinary differential
equations.

6.2. Open Problems

In 1978, Ezeilo [1978a] discussed instability of the trivial solution of the
fourth-order scalar differential equation without delay:

e+ T 4 agi +asd + f(z) =0 (6.1)
The system equivalent to Eq. (6.1) is given by:

=y
Y=z
zZ=w
W=—aw— az— azz — f(x)

The author established the following result for instability of the trivial
solution x = 0 of Eq. (6.1). In [Ezeilo, 1978a], Ezeilo proved the following
theorem:

Theorem 6.3. If f(0) =0 and if there is a constant ay > ia% such that
f'(x) > ayq forall x
then the trivial solution of Eq. (6.1) is unstable.
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Remark 6.1. In order to prove Theorem 6.3, it is sufficient (see
[Krasovskii, 1955]) to show that there exists a continuous Lyapunov func-
tion V(zx,y,z,w) which satisfies the following Krasovskii properties:

(K1) In every neighborhood of (0, 0,0, 0), there exists a point (£, 7, (, i)
such that V' (&,n,(, 1) > 0;

(K3) The time derivative %V(m,y,z,w) along solution paths of the
above system is positive semi-definite; and

(K3) The only solution (x,y, z,w) = (z(t), y(t), 2(t), w(t)) of the above
system (6.1) which satisfies %V(w, Y, z,w) is the trivial solution (0,0, 0, 0).

We now consider fourth order nonlinear delay differential equation
@™ 4 a1T + asd + asd + f(z(t—7) =0 (6.2)

where r is positive constant, a fixed delay, a1, as and a3 are some constants;
the dots in Eq. (6.2) denote differentiation with respect to ¢, t € Ry, Ry =
[0,00); f is a continuous function on R with f(0) = 0. Our first open
problem is the following one:

Problem 6.1. What are delay dependent or independent conditions for
the trivial solution of Eq. (6.2) to be unstable, or when this equation has a
chaotic and bounded orbit?

Later, Ezeilo [1979b] discussed instability of the trivial solution of a
more general ordinary differential equation of the form:

o+ b0y + h(z, 0,8, %)i + g(2)i + f(@) =0, f0)=0  (63)
The author established the following theorem:

Theorem 6.4. If
1
z () > ZhQ(x,y,z,w) >0 for arbitrary x(# 0), y, z, w

then the trivial solution x = 0 of Eq. (6.3) is unstable for every ai, and
g(x).

We now consider fourth order nonlinear delay differential equation:

@ 4+ a % & z(t—r))T e —=r))=
{ Ll O+ g6l =0

1@t)=h(z(t —r),c(t —r),2t—7r), Tt —"7))
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where 7 is a fixed positive constant delay, a; is a constant; the dots in

Eq. (6.4) denote differentiation with respect to ¢, t € R4, Ry = [0, 00);

h, g, f are continuous functions on R*, R, N respectively with f(0) = 0.
Our second open problem is the following one:

Problem 6.2. What are delay dependent or independent conditions which
guarantee that the trivial solution of Eq. (6.4) is unstable, or when this
equation has a chaotic and bounded orbit?

Tiryaki [1988] interested in a fourth-order nonlinear ordinary differential
equation of the form:

oW 4 (#)F + @(2)F + 0(d) + f(z) =0 (6.5)

Under the specified conditions imposed on the functions ¢, ¢, 6 and f,
the author established the following sufficient conditions that guarantee
instability of the trivial solution of Eq. (6.5):

y
Theorem 6.5. Let ®(y) = [ (n)dn. If
0

1

Fl@) = 3y7°2%(y) > 0, (y#0)

for an arbitrary x, then the trivial solution x = 0 of Eq. (6.5) is unstable
for all arbitrary .

Instead of Eq. (6.5), we take in consideration the following fourth-order
nonlinear delay differential equation:

{ 2@ L p(E(t —r)F +m () =0 60)
m(t) = (@t —r)d 4+ 0zt —7r)) + f(z(t —1)) ‘
where r is a positive constant, fixed delay, t € Ry, Ry =[0,00); ¥, ¢, 0, f

are all continuous functions defined on R with 6(0) = f(0) = 0.
Our third open problem is the following one:

Problem 6.3. What are delay dependent or independent conditions which
guarantee that the trivial solution of Eq. (6.6) is unstable, or when this
equation has a chaotic and bounded orbit?

Later, Ezeilo [2000] discussed a similar problem for fourth order ordinary
differential equations:

e @ 4 (@) + g(x, &, %, F)i+0(&) + f(x) =0 (6.7)
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and
e+ a7 + g(x, &, 2, T)E + h(z)d + f(e, @, 8, 7) =0 (6.8)
respectively, where a; is a constant. Ezeilo [2000] proved the following

instability theorems:

Theorem 6.6. Suppose there exists a constant as such that

az >0, g(z,y,z,w) < ag for all z,y,z,w,

1
f(z) > Za% for all

Then the trivial solution x = 0 of Eq. (6.7) is unstable.
Theorem 6.7. Suppose that
9(0,y,z,w) =0 for arbitrary y,z,w
and
z f(x,y, 2, w) > ng(Ly,z,w) for arbitrary x (#0), y, z, w

Then the trivial solution x = 0 of Eq. (6.8) is unstable for arbitrary a1, and
h(z).

Instead of Eq. (6.7) and (6.8), we take in consideration the following
The system equivalent to Eq. (6.8)

{I(4) + (it —r))E +c(t)i+ 0@t —1)) + flzit—r)) =0

c(t) = g(a(t — 1), @ (t— 1), it — 1), B (t 1)) (6.9)

and

{x(4) + a1 4 gzt —r), &t —r), it —1), Tt —7)i+b(t)=0
b(t)=hz(t—r)z+elalt—r),et—7r),2{E—7r), T —71))

(6.10)
where r is a fixed positive constant delay, a; is a constant; t € ®,, Ry =
[0,00); ¥, g, 8, f, g1, h, ¢ are continuous functions in their respective ar-
guments with 6(0) = f(0) = ¢(0,%,%,T) = 0.

Our fourth and fifth open problems are given as follow:

Problem 6.4. What are delay dependent or independent conditions which
guarantee that the trivial solution of Eq. (6.9) is unstable, or when this
equation has a chaotic and bounded orbit?



112 C. Tung

Problem 6.5. What are delay dependent or independent conditions which
guarantee that the trivial solution of Eq. (6.10) is unstable, or when this
equation has a chaotic and bounded orbit?

Ezeilo [1978b] studied instability of the trivial solution = 0 of the
following ordinary differential equation of the fifth order:

2O a1z + 4y’ + asi 4+ agi + f(x) =0, f(0) =0 (6.11)

where a1, a2, a3, a4 are some constants.
Ezeilo [1978b] introduced the following sufficient conditions for instability
of the trivial solution of Eq. (6.11).

Theorem 6.8. The trivial solution of Eq. (6.11) is unstable if
(i) a1 >0, f(0) =0, f'(x) > 5 for all z, where

07 Zf a3§07
05 =
a§|a1_1|, if az >0

or if
(i) a1 <0, f(0) =0, f'(x) < =65 for all x, where

Oa Zf as Sov
5 =

a§|af1 , if a3 >0

We now consider the following non-linear delay differential equation:
29 + a1z + ¥ + asi 4+ asi + f(z(t —r)) =0 (6.12)

where r > 0, a1, ag, as and a4 are some constants; the dots in Eq. (6.12)
denote differentiation with respect to ¢, t € Ry, 4 = [0,00); f is a con-
tinuous function on R with f(0) = 0. Our sixth open problem is given as
the following.

Problem 6.6. What are delay dependent or independent conditions which
guarantee that the trivial solution of Eq. (6.12) is unstable, or when this
equation has a chaotic and bounded orbit?

Later, Ezeilo [1978b] also investigated the following ordinary differential
equations of fifth order:

29+ a1z® + a4y’ + h(i)i + g(x)d + f(z) =0 (6.13)
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and
2®) ()T + ¢(3) + 0(F) + f(x) =0 (6.14)
Ezilo [1978] proved the following theorems.

y
Theorem 6.9. Let H(y) = [ h(n)dn. Then trivial solution of Eq. (6.13) is
0

unstable if

(i)
ar >0 and f(x), H(y) satisfy
xf(z) >0, (x#0)
yH(y) <0 for ally
or if (i1)

a1 <0 and f(z), H(y) satisfy

xf(z) <0, (x#0)
yH(y) >0 for all y

Theorem 6.10. The trivial solution of Eq. (6.14) is unstable if (i) f'(z) >
0 and z¢(z) <0 forall z, z
or if

(it) f'(x) <0 and zp(z) >0 for all z, =

Consider the following non-linear delay differential equations of fifth
order:
2 4 ayzW ag® + h(a(t — )7 + g(x(t —r))d + f(z(t — 7)) =0 (6.15)
and
O 4 p(i(t —r))E + ¢(Et — 1)) +0(E(t — 7)) + filz(t —7)) =0 (6.16)

where r > 0, a1 and ay are some constants; the dots in Eq. (6.15) and
(6.16) denote differentiation with respect to t, ¢ € Ry, L = [0,00);
h, g, f, ¥, ¢, 6, f1 are continuous functions on R with f(0) = ¢(0) =
6(0) = f1(0) = 0. Our seventh and eighth open problems are given as
follow:

Problem 6.7. What are delay dependent or independent conditions for
the trivial solution of Eq. (6.15) to be unstable, or when this equation has
a chaotic and bounded orbit?
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Problem 6.8. What are delay dependent or independent conditions for
the trivial solution of Eq. (6.16) to be unstable, or when this equation has
a chaotic and bounded orbit?

Later, in 1979, Ezeilo [Ezeilo, 1978] gave an instability result for the
fifth order differential equation:

2® +ayz® + ag¥ + g(2)7 + h(x, 2,3, %, 2W) + flz) =0 (6.17)
by the following theorem:
Theorem 6.11. If we have that
f(0)=0, f(x) #0 for all x £ 0,yh(x,0,z,w,u) =0
and there exists a constant ag > %a% such that
yh(z,y, z,w,u) > asy?( forz, y,z,w,u)

then the trivial solution x = 0 of Eq. (6.17) is unstable.

We now introduce the following fifth order delay differential equation:

2O +ajz® 4 a0 +n(t) + flz(t—1) =0
{ n(t)=g(@(t—r))i+hzlt—r),c@t—r),i{t—7r),5t—7r),z®Ft-71))
(6.18)
where r > 0, a; and ag are some constants; the dots in Eq. (6.18) denote
differentiation with respect to ¢, t € 1, R4 =[0,00); g, h, f are continuous
functions in their respective arguments with h(z,0, %, @, 2®)) = £(0) = 0.
Our ninth open problem is given as the following:

Problem 6.9. What are delay dependent or independent conditions which
guarantee that the trivial solution of Eq. (6.18) is unstable, or when this
equation has a chaotic and bounded orbit?

Ezeilo [1979b] also considered the equation:

2O a2 + 4ayt + Y(x, &, &, F, M)+ ¢(x)d + fz) =0 (6.19)
and proved the following theorem:
Theorem 6.12. If

x b f(x).sgna; > %wQ(x,y,z,w,u) lar| ™" > 0 for z(#0), y, z, wu

then trivial solution x =0 of Fq. (6.19) is unstable for all arbitrary ¢(x).
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Finally, we consider the following non-linear equation with a constant
deviating argument, r :

{ 2™ + a1z + +ax ¥ + o () + da(t — )i + f(z(t —r)) =0 (6.20)

v(t) =t —71),2(t—7r), 2t —7r), T(—r), z® (t—r)d

where r > 0, a1 and ag are some constants; the dots in Eq. (6.20) denote dif-
ferentiation with respect to t, t € R4, R = [0,00); ¥, ¢, f are continuous
functions in their respective arguments with f(0) = 0.

Our last, tenth, open problem is given as follow:

Problem 6.10. What are delay dependent or independent conditions for
the trivial solution of Eq. (6.20) to be unstable, or when this equation has
a chaotic and bounded orbit?

6.3. Conclusion

Some nonlinear differential equations of fourth and fifth order with constant
delay are considered. Ten open problems with respect to these equations
are introduced. By using the Lyapunov’s second method, one can solve
these problems (instability of equilibria).
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We study the network synchronizability in terms of its local dynamics
and in terms of its global dynamics. In previous work, we obtained some
results about the synchronization interval, when we fix the graph under-
lying the network, i.e., the network connection topology and vary the dy-
namic in the nodes and about the effect of some graph parameters on the
synchronization interval, supposing that the local dynamics in the nodes
is fixed. We present numerical simulations for several network types and
some conjectures suggested by these simulations. In particular, we are
interested in the effect of the clustering coefficient, the conductance and
the clustering performance, on the network synchronizability.
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7.1. Introduction

Complex dynamical networks are ubiquitous in the real world [Boccaletti
et al., 2006]. Typical examples of complex networks include the Internet,
the World Wide Web, communication and transportation networks, power
grids, biological neural networks, trading market trains, scientific citation
networks, social relationship networks, among many others. The behav-
ior of a complex dynamical network is a fundamental topic of considerable
interest within science and technology communities. Although features of
these networks have been studied in the past, it was only recently that
massive amount of data are available and computer processing is possi-
ble to more easily analyze the behavior of these networks and verify the
applicability of the proposed models.

A network with a complex topology is mathematically described by
a graph [Bollobés, 1985]. Classical random graphs were studied by Paul
Erd6s and Alfréd Rényi in the late 1950’s. A complex network typically
refers to an ensemble of dynamical units with nontrivial topological features
that do not occur in simple systems such as completely regular lattices or
completely random structures. In 1998 Watts and Strogatz [Watts & Stro-
gatz, 1998] proposed the new small-world model to describe many of real
networks around us and in 1999 Barabdsi and Albert [Barabési & Albert,
1999] proposed the new scale-free model based on preferential attachment.
These models reflect the natural and man-made networks more accurately
than the classical random graph model. This preferential attachment char-
acteristic leads to the formation of clusters, the nodes with more links have
a greater probability of getting new ones.
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Network synchronization is one of the basic motions in nature where
many connected systems evolve in time, with completely different behavior,
but after some time they adjust a given property of their motion to a com-
mon behavior ([Feng et al., 2007; Li & Chen, 2003; Watts & Strogatz, 1998;
Caneco et al., 2008-2009]). As described in [Pikovsky et al., 2001], synchro-
nization is an adjustment of rhythms of oscillating objects due to their weak
interaction. In fact, the synchrony of networks can well explain not only
many natural phenomena [Strogatz, 2003], but also has many applications,
such as secure communications, synchronous information exchange in the
internet and the synchronous digital transfer in communications networks
[Miliou et al., 2007], [Kolumban et al., 1997], [Stavrinides et al., 2009].
The coupling of two or more oscillators may be bidirectional (undirected
graphs), if each one influences the others, or unidirectional or master-slave
(digraphs or directed graphs) if in each connection between two oscillators,
only one of the oscillators influences the other. If the coupled systems un-
dergo a chaotic behavior and they became synchronized, this is called a
chaotic synchronization. Chaotic deterministic signals exhibit several in-
trinsic features, beneficial to secure communication systems, both analog
and digital ones.

The analysis of synchronization phenomena of dynamical systems
started in the 17t" century with the finding of Huygens that two very weakly
coupled pendulum clocks become synchronized in phase. Since then, several
problems concerning the synchronization have been investigated, especially
to know for what values of the coupling parameter there is synchronization.
In [Pecora & Carroll, 1990-1991], the master stability method was derived.
Synchronization of networks occurs for values of coupling parameter be-
longing to a certain interval. The extremes of this interval depend not only
on the local dynamical nodes, expressed by the maximum Lyapunov ex-
ponent of the individual chaotic nodes, but also on the network topology,
expressed by spectrum of the Laplacian of the associated graph [Li & Chen,
2003].

The study of network synchronizability may be addressed in two ap-
proaches. One is fixing the connection topology and vary the local dynam-
ics in the nodes and the other is consider the local dynamic fixed and vary
the global dynamics, i.e., the structure of the connections.

In previous works [Caneco et al., 2009-2010], we study the synchroniza-
tion interval considering fixed the network connection topology, for different
kinds of local dynamics. Supposing in the nodes, identical piecewise linear
expanding maps, with different slopes in each subinterval, we obtained the
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synchronization interval in terms of the Lyapunov exponents of these maps.
As a particular case, we derive the synchronization interval in terms of the
topological entropy for piecewise linear maps with slope +s everywhere and
we proved that the synchronizability decreases if the local topological en-
tropy increases. Considering identical chaotic symmetric bimodal maps in
the nodes of the network, we express the synchronization interval in terms
of one single critical point of the map.

In this work, we present some conjectures concerning the relation of
some graph invariants with the spectrum of the Laplacian matrix. We
perform experimental evaluations, that deepens the understanding of the
effect of the conductance and the clustering coefficient on the network syn-
chronizability. We obtain numerical evidence that, while there is no cluster
formation, the network synchronizability becomes poorer if the clustering
coefficient or the conductance decreases, but the relation between the syn-
chronizability and the clustering coeflicient reverses, when the cluster for-
mation is apparent. To quantify this situation, we introduce the concept of
clustering performance, which characterizes the clustering quality. We ob-
tain numerical evidence that the amplitude of the synchronization interval
decreases when the quality of the clustering increases.

The layout of this paper is as follows. In Sec. 7.2. a brief history
of synchronization studies and related problems is presented. In Sec. 7.3
some applications of networks and graphs are given, showing the impor-
tance of synchronization. In Sec. 7.4., we present some notions and basic
results on graphs and discrete dynamical systems. Sec. 7.5. is dedicated
to the study of complete clustered networks. In Sec. 7.5.1. we define the
clustering point as the point at which begins the formation of clusters in a
network and we find a relation of this point with the number of intra-cluster
edges, the number of inter-cluster edges and the order of the network. We
suggest a formula to identify exactly this point, which determines the max-
imum number of edges that the graph may have, in order to be visible the
formation of clusters. In Sec. 7.5.2. we study the importance of graph in-
variants, such as conductance, coefficient of clustering and performance of
a cluster in the formation of a complete clustered network. It is possible to
establish a classification of the clustering (its performance), the behavior
of the conductance and the amplitude of the synchronization interval. In
Sec. 7.5.3 a discussion about these problems is made. While in Sec. 7.5.
it is considered the study of the effect of some graph parameters on the
synchronization interval, supposing that the local dynamics in the nodes
is fixed, in Sec. 7.6. we conjecture some results about the synchronization
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interval, when we fix the graph underlying the network, i.e., the network
connection topology and vary the dynamic in the nodes. It is analyzed
how the amplitude of the synchronization interval varies, if we consider a
network with a fixed topology, having in each node an element on some
lines of the tree of admissible trajectories of unimodal maps. Our goal is
to relate the synchronization interval, with the topological entropy in each
node of a network with identical chaotic nodes.

7.2. Related and Historical Problems About Network Syn-
chronizability

To describe the complex evolution of a changing process, one often compare
it with some other processes. One obtains the similarities and differences,
for a time interval, between a dynamical system and another known dy-
namical system. Such similarity in a certain time interval is a kind of
synchronization. The synchronization of two or more dynamical systems is
a basis to understand an unknown dynamical system from one or more well-
known dynamical systems. So, the concept of synchronization in dynamical
systems is a universal concept for dynamical systems.

There are four principal classes of synchronization of two or more dy-
namical systems: (i) identical or complete synchronization, (ii) generalized
synchronization, (iii) phase synchronization, and (iv) anticipated and lag
synchronization and amplitude envelope synchronization. Once the two or
more systems form a state of synchronization, such a state should be stable.
See [Pikovsky et al., 2001; Boccaletti, 2008].

In 1920s, the synchronization was stimulated by the development of
electrical and radio wave propagations. After the Huygens investigation,
Rayleigh, [Rayleigh, 1945], worked on the theory of sound which describes
synchronization in acoustic. In the beginning, the investigation on syn-
chronizations focus on the limit cycles in self-excited dynamical systems,
resonance phenomena in multiple-degrees of freedom systems and, steady-
state motion in forced vibration. Then, the goal was to control a flow of
dynamical systems with attractors, see [Jackson, 1991]. For identical or
complete synchronization of two systems, Pecora and Carroll presented a
criterion of the sub-Lyapunov exponents to determine the synchronization
of two systems connected with common signals. The common signals are as
constraints for such two systems, [Pecora & Carroll, 1990-1991]. Since then,
one focused on developing the corresponding control methods and schemes
to achieve the synchronization of two dynamical systems with constraints.



122 A. Caneco, J. Leonel Rocha, C. Grdcio and S. Fernandes

In [Kapitaniak, 1994; Pyragas, 1992] some methods for chaos control with
a small time continuous perturbation are presented, which can achieve a
synchronization of two chaotic dynamical systems. In [Rulkov et al., 1995]
the author discuss a generalized synchronization of chaos in directionally
coupled chaotic systems, exploring a condition, which equates dynamical
variables from one subsystem with a function of the variables of another
subsystem. In [Boccaletti et al., 1997] an adaptive synchronization of chaos
for secure communication was presented, an algorithm that provides syn-
chronization between a message sender and a message receiver and assures
security in the communication against external interceptions. In [Yang &
Chua, 1999] the authors gives a study for a special case of generalized syn-
chronization, in which the synchronization manifold is linear. In [Zhan et
al., 2003] the author show that generalized synchronization can be achieved
by a single scalar signal, and its synchronization threshold for different delay
times shows the parameter resonance effect, i.e., the stable synchronization
is obtained at a smaller coupling if the delay time of the driven system is
chosen such that it is in resonance with the driving system. Using statis-
tical physics studies, the topology and dynamics of evolving of networks
was investigated in [Dorogovtsev & Mendes, 2003]. The authors discuss
the main models and analytical tools, covering random graphs, small-world
and scale-free networks, the emerging theory of evolving networks, and the
interplay between topology and the networks robustness against failures
and attacks. It was shown in [Teufel et al., 2006] that two different coupled
pendulums can be synchronized by a fluid flow and derived conditions for
the existence and stability of the synchronized motions depending on the
coupling strength and the frequency detuning. Using normal form theory
and the prevailing direct averaging approach the occurring Hopf bifurca-
tion with two distinct pairs of purely imaginary eigenvalues is studied in
the nonresonant case and in the 1:1-resonance corresponding, respectively,
to strong and weak coupling. In [Stojanovski & Kocarev, 1997] the au-
thors used symbolic dynamics and information theory to investigate the
chaotic synchronization for discrete maps. Rulkov in [Rulkov, 2001] show
how synchronization among chaotically bursting cells can lead to the onset
of regular bursting. In order to present the mechanism behind such reg-
ularization, the author model the individual dynamics of each cell with a
simple two-dimensional map that produces chaotic bursting behavior simi-
lar to biological neurons. In [Afraimovich et al., 2002]the generalized chaos
synchronization of non-invertible maps was investigated. They studied the
properties of a functional relation between a non-invertible chaotic drive
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and a response map in the regime of generalized synchronization of chaos.
It was shown in [Barreto et al., 2003] that for coupled systems without
symmetries, systems can be coherent without having easily-detectable syn-
chronization properties. They have given examples of invertible and non-
invertible drivers for which the system is asymptotically stable, yet the
synchronization set is non-smooth or multi-valued. Furthermore, they give
a method of detection designed for multi-fractal synchronization sets. The
hybrid projective synchronization along a proposed systematic and con-
crete full state hybrid projective synchronization scheme for a general class
of chaotic maps based on the active control idea was given in [Hu et al.,
2008]. Kuramoto in [Kuramoto, 2003] used the concept of phase synchro-
nization to investigate the waves and turbulence in chemical oscillations.
The author describes a few asymptotic methods that can be used to ana-
lyze the dynamics of self-oscillating fields of the reactive-diffusion type and
some related systems and surveys some applications of them. In [Zaks et
al., 1999] the author studied the imperfect phase synchronization through
the alternative locking ratios. In [Feng & Shen, 2005] the author investi-
gate phase synchronization and anti-phase chaotic synchronization, in the
generalized sense, for the degenerate optical parametric oscillator. In [Pa-
reek et al., 2005; Xiang et al., 2008] multiple one-dimensional chaotic maps
to were used to investigate cryptography. Secure communications using
chaotic synchronization are also studied in several papers, such as in [Fal-
lahi et al., 2008] and in [Kiani et al., 2009], by using Kalman filters and
multi-shift cipher algorithm and in [Wang & Yu, 2009], by using a block
encryption algorithm based on dynamic sequences of multiple chaotic sys-
tems. In [Soto & Akhmediev, 2005] it was shown that dissipative solitons
can have dynamics similar to that of a strange attractor in low dimensional
systems and using a model of a passively mode-locked fiber laser, it is shown
that soliton pulsations with periods equal to several round-trips of the cav-
ity can be chaotic, even though they are synchronized with the round-trip
time. In [Hung et al., 2006] it is studied the chaos synchronization of two
stochastically coupled random Boolean networks. The coupling mechanism
considered is that the n*" cell in a network is linked by an arbitrarily chosen
cell in the other network with probability p, and it possesses no links with
probability 1 —p. This mechanism is useful to investigate the coevolution of
biological species via horizontal genetic exchange. Synchronization on the
dynamical systems with time-delay has been the subject of a recent very
active investigation and some results can be found in [Bowong et al., 2006],
[Ghosh et al., 2007], [Wang et al., 2008] and [Cruz & Romero, 2008]. Outer
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synchronization is the synchronization between two discrete-time networks
and it is theoretically and numerically studied in [Li et al., 2009].

7.3. Some Physical Examples About the Real Applications
of Network Synchronizability

The theory of complex networks offer an appropriate framework for the
study of a large-scale and representative class of complex systems, with
examples ranging from cell biology and epidemiology to the Internet,
[Barabési & Albert, 1999; Watts & Strogatz, 1998; Strogatz, 2003]. The
discovery of universal structural properties in real-world networks and the
theoretical understanding of evolutionary laws governing the emergence of
these properties has been used to the research in these areas. Most of bi-
ological, social and technological complex systems are inherently dynamic.
Therefore, along with the study of purely structural and evolutionary prop-
erties, there has been increasing interest in the interplay between the dy-
namics and the structure of complex networks.

Epidemics and immunization are some of the applications of network
synchronization. In [Satorras & Vespignani, 2003] a review of the main
results obtained in the modelling of epidemics spreading in scale-free net-
works was provided. In particular, it was shown the different epidemio-
logical framework originated by the lack of any epidemic threshold and
how this feature is rooted in the extreme heterogeneity of the scale-free
networks connectivity pattern. In [Tang et al., 2009], the accumulation
phenomenon in public places, was investigated how the condensation of
moving bosonic particles influences the epidemic spreading in scale-free
metapopulation networks. The mean-field theory shows that condensation
can significantly enhance the effect of epidemic spreading and reduce the
threshold for epidemic to survive, in contrast to the case without conden-
sation. In the stationary state, the number of infected particles increases
with the degree k linearly when k < k. and nonlinearly when k > k., where
k. denotes the crossover degree of the nodes with unity particle.

Neural networks are another application of network synchronization
[Kinzel, 2003]. Modular organization is a special feature shared by many
biological and social networks alike. It is a hallmark for systems exhibiting
multitasking, in which individual tasks are performed by separated and yet
coordinated functional groups. Understanding how networks of segregated
modules develop to support coordinated multitasking functionalities is the
main topic studied in [Fuchs et al., 2009]. Using simulations of biologically
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inspired neuronal networks during development, is investigated the forma-
tion of functional groups (cliques) and inter-neuronal synchronization. The
results indicate that synchronization cliques first develop locally according
to the explicit network topological organization. Later on, at intermediate
connectivity levels, when networks have both local segregation and long-
range integration, new synchronization cliques with distinctive properties
are formed. In particular, by defining a new measure of synchronization
centrality, is identified at these developmental stages dominant neurons
whose functional centrality largely exceeds the topological one. These are
generated mainly in a few dominant clusters that become the centers of the
newly formed synchronization cliques. It is shown that by the local syn-
chronization properties at the very early developmental stages, it is possible
to predict with high accuracy which clusters will become dominant in later
stages of network development.

Transportation systems are complex dynamical systems whose dynam-
ics may be described by networks. Traffic unfolds its dynamics on a graph
and the dynamics on the links (roads) and nodes (intersections like train
or bus stations), of this graph. Although this is also true for others net-
worked systems, such as for electrical networks or for biological networks
like nerve system and blood transport system, in the traffic dynamics on
links there is a difference, since the agents or individuals have strategic long-
term goals, [Nagel, 2003]. Economies of scale applied to transport modes
and the expansion of transport infrastructure have increased the need for
the synchronization of movements between transport terminals, and thus
the synchronization of transport terminals themselves. This is the latest
stage in a long process of transport system development.

The topology of a network often affects its functional behaviors. For
instance, the topology of a social network affects the spreading of infor-
mation and also disease, while an unsuitable topology of a power grid can
damage its robustness and stability. In fact, we are confronting all kinds
of networks with complex structures everyday, where handy instances are
the Internet and the World Wide Web. The economic-cycle synchronous
phenomenon in the World Trade Web is a scale-free type of social economic
networks, used to illustrate an application of the network synchronization
mechanism. It is important to take in account the way in which individuals
decisions and actions are influenced by the network of connections that link
them to other agents, [Kirman, 2003].

Cryptography and secure communications are also an application of
network synchronization, [Pareek et al., 2005], [Boccaletti et al., 1997]. In
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recent years chaotic secure communication and chaos synchronization have
been received more increasing attention, [Stavrinides et al., 2009], [Wang &
Yu, 2009], [Xiang et al., 2008]. In [Fallahi et al., 2008] a chaotic communi-
cation method using extended Kalman filter is presented. Encoding chaotic
communication is used to achieve a satisfactory, typical secure communi-
cation scheme. In the proposed system, a multi-shift cipher algorithm is
also used to enhance the security and the key cipher is chosen as one of the
chaos states. The key estimate is employed to recover the primary data.
A fractional chaotic communication method using an extended fractional
Kalman filter may also be used, [Kiani et al., 2009].

7.4. Preliminaries

In this chapter, we introduce some notions and basic results on graphs and
discrete dynamical systems. Mathematically, networks are described by
graphs (directed and undirected) and the theory of dynamical networks is
a combination of graph theory and nonlinear dynamics. From the point of
view of dynamical systems, we have a global dynamical system emerging
from the interactions between the local dynamics of the individual elements.
The graph theory allows us to analyze the coupling structure between them.

A graph G is a set G = (V, E) where V = V(G) is a nonempty set of
N vertices or nodes (N is called the order of the graph) and F = E(G)(C
V(G) x V(Q)) is the set of m pairs of vertices that are called edges or links
e;; that connect two vertices v; and v;. For a graph with N vertices, the
maximum cardinality of F(G) is w

The matrix A = A(G) = [a4], is called the adjacency matrix. For a non
weighted graph, it carries an entry 1 at the intersection of the j** row and
the j*" column if there is a edge from v; to vj, where v;, v; € V(G). When
there is no edge, the entry will be 0. If the graph is not directed, a;; = a;;
and the matrix A(G) is symmetric.

The degree of a node v;, represented by k;, is the number of edges
incident on it, i.e.,

N

k‘i = Zaij (71)

Jj=1

Consider the diagonal matrix D = D(G) = [d;;], where d;; = k;. We call
Laplacian matrix to L = D — A. The eigenvalues of L are all real and
non negatives and are contained in the interval [0, min {N,2A}], where A
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is the maximum degree of the vertices. The spectrum of L may be ordered,
A1 =0 < XAy < --- < Ay. The second eigenvalue Ay is known as the
algebraic connectivity or Fiedler value and plays a special role in the graph
theory. As much larger )y is, more difficult is to separate the graph in
disconnected parts. The graph is connected if and only if As £ 0. In fact,
the multiplicity of the null eigenvalue A; is equal to the number of connected
components of the graph. As we will see later, as bigger is A2, more easily
the network synchronizes.

Consider a network of N identical chaotic dynamical oscillators, de-
scribed by a connected graph, with no loops and no multiple edges. In
each node the dynamics of the oscillators is defined by @; = f(z;), with
f:R® - R™ and x; € R™ is the state variables of the node i. The state
equations of this network are

N

&= f(x;) +¢Y aiyl(a; —z;), (i=1,2,..,N) (7.2)
j=1
J#i

where ¢ > 0 is the coupling parameter, A = [a;;] is the adjacency matrix
and I' = diag(1,1,...1). Eq. (7.2) can be rewritten as

N
Jj=1

where L = (I;;) = D — A is the Laplacian matrix or coupling configuration
of the network. The network (7.3) achieves asymptotical synchronization
if z1(t) = z2(t) = ... = zn (1) T e(t), where e(t) is a solution of an iso-
late node (equilibrium point, periodic orbit or chaotic attractor), satisfying
é(t) = f(e(t)). Consider the network (7.3) with identical chaotic nodes in
the discretized form

N
zi(k+1) = f(z:i(k)) + CZ Lijf (x5 (F)) (7.4)

with ¢ = 1,2,..., N. It is known that a network (7.4) with identical chaotic
nodes is synchronized if the coupling parameter ¢ belongs to the synchro-
nization interval

1 — e~ hmax 1 + g fmax

—_— < e — 7.5
] ol (7:5)
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where A\; (i = 1,2,...,N) are the eigenvalues of the Laplacian L and Apax
is the Lyapunov exponent of each individual n-dimensional node.

Fixing the dynamics f in the nodes, the synchronization interval will
be as larger as much the eigenratio r

A2

T:E

(7.6)

is bigger.

7.5. Complete Clustered Networks

Consider the graph G = (V(G), E(G)) associated to a network, as described
above. In this section, among all graph invariants we will pay special at-
tention to the clustering coefficient, the performance of a clustering and
the conductance. A clustering of the graph G is a partition of the vertices
set C* = {C1,Cs,...,Ck} and the C; C V(G) are called clusters. C' is
called trivial if either £k = 1 or all clusters C; contain only one element.
We identify a cluster C; with the induced subgraph of G, i.e., the graph
G(C;) = {C;, E(C;)}. 1If all clusters in a clustering are complete graphs
(cliques), we call it a complete clustered network. For each fixed clustering
Ck = {C1, Oy, ..., O} the set of intracluster edges and the set of intercluster
edges are defined, respectively, by

k
Intra(C) = | JE(Ci) and (7.7)
Inter(C) = E(G)\Intra(C) (7.8)

Given a clustering, remains now the question about its quality. The parti-
tion of the set of vertices can be arbitrary, however, not all partitions are
what we think it is an intuitively clustering. A good clustering should be
a partition with a large number of intracluster edges and few intercluster
edges. Of course, if we have a complete graph, any non-trivial clustering
will be a bad clustering. Conversely, if the graph is disconnected with &
components, the partition C* corresponding to these components is a good
clustering. But what is the point separating the two possibilities? Trying
to answer this question we introduce some known graph parameters. We
begin with the clustering coefficient.
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7.5.1. Clustering Point on Complete Clustered Networks

The clustering coefficient measures the number of mutual neighbors of ad-
jacent nodes, such that, the average probability for two neighbors of some
vertex to be directly connected. The clustering coefficient ¢; of a vertex v;
is given by the proportion of edges between the vertices within its neigh-
borhood divided by the number of edges that could possibly exist between
them. The clustering coefficient ¢; of a vertex v;, with degree larger than
one, of a graph, is defined, [Watts & Strogatz, 1998], by

oo Heidl _ 2[{ejn}]
O ki T Lk — ’
( 2 ) kl(kl 1)
where N; = {v; : e;; € E} is the set of the neighbors of vertex v;.

In terms of the adjacency matrix A = A(G) = [a;;] the clustering coef-
ficient can be calculated by

with eji € E; vj,vp € N; (7.9)

A5 Qjm Ami
1

ki(k; — 1)
This was the local aspect of clustering coefficient. To consider the global
aspect, which is also called community structure, it is necessary to look for
groups of vertices with many connections within a group, but considerably
fewer between groups. That parameter characterizes how densely clustered
the edges in a network are. To characterize the global clustering coefficient
of the network we introduce the average of ¢; over all vertices with degree
larger than one

1

M=
M=

J

(7.10)

C; =

> G

i,k >1

>l

i,k >1

CcC =

(7.11)

To test the behavior of this parameter in the formation of clusters, we sim-
ulate the creation of clusters starting with a complete graph of N = 15
vertices where each vertex is connected to every other one, excluding self-
connections. We present three different situations, a C3, a C* and a C°
clustering. In each one we begin with a complete graph, that means with
w = 105 edges, and by deleting intercluster edges leads to the creation
of three, four and five clusters. From the complete graph we delete edges
until the disconnection of the graph by the formation of the complete clus-
tered network. Before that point is already evident the appearance of the
clustering. What should be the moment we consider the graph clustered?
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What is the number of edges where the formation of clusters is clear? Let
us observe the three examples.

For the case where we obtain three clusters, C3 = {{1,2,3,4,5},
{6,7,8,9}, {10,11,12,13,14,15}}, Fig. 7.1 shows four steps of the evo-
lution of the network. The Fig. 7.2 shows the behavior of the clustering

Fig. 7.1. Formation process of three clusters.

coefficient ¢, on the formation of the three clusters C3. Note that, in this

=0 C=A
1.04

08l
06l
04l

02l

Fig. 7.2. Evolution of the clustering coefficient ¢ and the eigenratio r in the formation
process of the C* clustering.

example, N = |V(G)| = 15, Intra(C'?’)’ = 31 and we observe that the
formation of clusters is apparent when |E(G)| < 47. The Fig. 7.3 shows
four steps of the evolution of the network to a C* clustering. We begin with
a complete graph (with 105 edges) and after deleting edges we obtain four
clusters, C* = {{1,2,3}, {4,5,6,7}, {8,9,10}, {11,12,13,14,15}}. The
Fig. 7.4 shows the behavior of the clustering coefficient ¢, on the formation
of the four clusters C*. For this case, N = 15 and |Intra(C’4)| = 22 and we
observe that the formation of clusters is apparent when |E(G)| < 38. For
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Fig. 7.3. Formation process of four clusters.
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Fig. 7.4. Evolution of the clustering coefficient ¢ and the eigenratio r in the formation
process of the C* clustering.

the case where we obtain five clusters C° = {{1,2,3}, {4,5,6}, {7,8,9},
{10,11,12}, {13,14,15}} the Fig. 7.5 shows four steps of the evolution of
the network: we start, again, with a complete graph (with 105 edges) and
after deleting edges we obtain five clusters. The Fig. 7.6 shows the behav-

Fig. 7.5. Formation process of five clusters.

ior of the clustering coefficient ¢, on the formation of the five clusters C°.
In such a clustering process, starting with a complete graph and deleting
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0.8

0.6

Fig. 7.6. Evolution of the clustering coefficient ¢ and the eigenratio r in the formation
process of the C® clustering.

edges, we shall define the clustering turning point as the maximum number
of edges that the graph may have in order to be possible to identify the
formation of a clustering. In all these graphs is visible a point at which
the monotony of the parameter ¢ is changed. We will call this point the
clustering turning point. Obviously, it should depend on the number of
vertices but also in the way the edges are removed.

Conjecture 7.1. In a clustering process, starting with a complete graph
and deleting edges, the clustering coefficient decreases before a certain point
and inverts its monotonicity after that point. In this process, the synchro-
nizability decreases always.

See Figs. 7.2, 7.4 and 7.6. In all examples we can see that the clustering
point is determined by the formula in the following conjecture.

Conjecture 7.2. Let G be a graph, with N = |V(G)| vertices let C* =
{C4,Cs,...,Cy} be a clustering. Then the clustering turning point is given

by:
Cl(C*) = N + ’Intra(Ck)| +1 (7.12)
You can say that the claim “a large value of the clustering coefficient en-

hances the synchronization”, [Comellas & Gago, 2007], is true for example,
in the case one delete edges following a certain path and in the beginning
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of cluster formation, but is not true after the clusters appearance, [Caneco
et al., 2009].

7.5.2. Classtfication of the Clustering and the Amplitude of
the Synchronization Interval

In the context of random walks in graphs, the conductance appeared as
a measure of fluidity, being smaller with the existence of certain parts of
the state space which retained the process (funnels). Techniques to know
how long must the chain evolve to attempt some given proximity of the
stationary distribution are of great importance in problems like coupling
and synchronization. Intuitively, a random walk is rapidly mixing, that is,
within a polynomial number of steps, in the problem size, the Markov chain
approaches the equilibrium, if there are no bottlenecks or funnels.

There are several definitions of conductance, [Fernandes et al., 2010],
we will use the following

in |[E(U,V —-U)|
vev min {|Ey(U)|, |[E1(V = U)[}

In this definition, |E(U,V — U)| is the number of edges from U to V — U
and |E1(U)| means the sum of degrees of vertices in U.

The performance of a clustering should measure the quality of each
cluster as well as the cost of the clustering. In [Kannan et al., 2004] this
bicriteria is based in a two-parameter definition of a («, £)-clustering, where
« should measure the quality of the clusters and ¢ the cost of such partition,
that is, the ratio of the intercluster edges to the total of edges in the graph.

P(G) = (7.13)

Definition 7.1. A partition C* = {C},Cy,...,Cx} of V is an (a,é)-
clustering if:

(1) The conductance of each cluster is at least «
O(G(Cy)) > a, foralli=1,..., k;
(2) The fraction of intercluster edges to the total of edges is at most ¢

Inter (C’k)

ECH] —°

According to this definition, the clustering is good if it maximizes o and
minimizes €. We introduce then a coefficient that accomplish both opti-
mization problems.
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Definition 7.2. For an (a, €)-clustering C, define the performance of C' by
the ratio

R=1°
6]

That means that a clustering is better if it has smaller R. We simulate
again the creation of clusters starting with a complete graph of N vertices
and deleting edges leading to the creation of three, four and five clusters.
For the case where we obtain three clusters C* = {{1,2,3,4,5}, {6,7,8,9},
{10,11,12,13,14,15}} the Fig. 7.1 shows four steps of the evolution of the
network: we start with a 15—node complete graph, with 105 edges.

The Figs. 7.7 and 7.8 show the behavior of the graph invariants: the
conductance ¢, the performance R and the eigenratio r; the clustering
coefficient ¢, the conductance ¢ and the eigenratio r, respectively, on the
formation of the three clusters C3.
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Fig. 7.7. Evolution of the conductance ¢, the performance R and the eigenratio r in
the formation process of the C? clustering.

Fig. 7.3 shows four steps of the evolution of the network: we begin with
a complete graph (with 105 edges) and after deleting edges we obtain four
clusters, C* = {{1,2,3}, {4,5,6,7}, {8,9,10}, {11,12,13,14,15}}.

The Fig. 7.9 shows the behavior of the graph invariants: the conduc-
tance ¢, the performance R and the eigenratio r, on the formation of the
four clusters C*. Fig. 7.10 shows the results that compare the parameters
clustering coefficient ¢, conductance ¢ and eigenratio r.

For the case where we obtain five clusters C° = {{1,2,3}, {4,5,6},
{7,8,9}, {10,11,12}, {13,14,15}} in Fig. 7.5 is shown four steps of the
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Fig. 7.8. Evolution of the clustering coefficient ¢, the conductance ¢, and the eigenratio
7 in the formation process of the C? clustering.
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Fig. 7.9. Evolution of the conductance ¢, the performance R and the eigenratio r in
the formation process of the C4 clustering.

evolution of the network: we start, again, with a complete graph (with
105 edges) and after deleting edges we obtain five clusters. The Figs. 7.11
and 7.12 show the behavior of the graph invariants: the conductance ¢,
the performance R and the eigenratio r; the clustering coefficient ¢, the
conductance ¢ and the eigenratio r, respectively, on the formation of the
five clusters C°.

We can observe, that the conductance enables us to evaluate the syn-
chronizability of the network. Low conductance means that there is some
bottleneck in the graph, a subset of nodes not well connected (a few in-
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Fig. 7.10. Evolution of the clustering coefficient ¢, the conductance ¢, and the eigenratio
r in the formation process of the C* clustering.
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Fig. 7.11. Evolution of the conductance ¢, the performance R and the eigenratio r in
the formation process of the C® clustering.

terclusters edges) with the rest of the graph. With these simulations it is
possible to establish the following result.

Conjecture 7.3. A bad performance of the clustering implies a larger syn-
chronization interval and a high conductance.
7.5.3. Discussion

In this section, we conjectured some results about the formation and iden-
tification of clusterings in a network. All numerical evidences were done
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Fig. 7.12. Evolution of the clustering coefficient ¢, the conductance ¢, and the eigenratio
r in the formation process of the C° clustering.

for a graph with 15 nodes, giving rise to what we call complete clustered
networks, in the three following different cases C3, C* and C®:

{{1,2,3,4,5},{6,7,8,9},{10,11,12,13,14,15}}
{{1,2,3},{4,5,6,7},{8,9,10}, {11,12,13,14,15}}

{{1,2,3},{4,5,6},{7,8,9},{10,11,12},{13,14,15}}

In all three cases we computed the values of the clustering coefficient, the
conductance, the amplitude of the synchronization interval and the perfor-
mance of the considered clusters. There are big differences between the
meaning of each such parameter and we believe that all of them have a
particular interest.

The clustering coefficient is independent of a given clustering, it is a
property of the graph and evaluates the density of edges around each vertex.
This lets you know if it is convenient to divide the graph into clusters or
not. Our experiments shows that there exists a moment in the process
of formation of the clustering, where the monotonicity of the clustering
coefficient changes. When we delete edges it tends to decrease but it is
true until a certain point after which it increases. Of course, if we have a
complete graph, is natural that the clustering coefficient c is high, since the
links between the vertices are the strongest possible. But this high degree
of clustering refers to the entire graph as the trivial clustering. When we
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begin erasing edges the connections become weaker, reducing the coefficient
c. This decreasing takes place until the moment it detects the emergence
of the new clustering. This is highlighted in each of three experiments and
we think this turning point will be a good parameter for the classification
of clusterings.

The conductance of a graph is also a property independent of the cho-
sen clustering. It detects the existence of a group or groups of edges that
are strongly connected, when compared with others. Unlike the clustering
coefficient, where is made an average of the coefficient of each vertex, in
the conductance, we take the flow from one set to its complement, and
take the minimum over all candidates to cluster. The conductance de-
creases obviously, when the clustering is in formation because we force the
intercluster edges to disappear giving rise to strong bottlenecks. It is also
understandable that a slower fluidity in the system gives rise to a slower
synchronization. We also compared it with the amplitude of the synchro-
nization interval and the result was as expected. However we have no formal
relation between synchronization and conductance.

The only parameter that evaluates the performance of a given clustering
is the parameter R = ¢/«. This ratio depends on the considered clustering
and varies with it. Again, there is not a formalism that allows us to es-
tablish a formal relationship between the synchronization and quality of a
clustering, despite the numerical evidence.

7.6. Symbolic Dynamics and Networks Synchronization

The use of symbolic dynamics to study network synchronization is a recent
approach. From the point of view of dynamical systems we have a global
dynamical system emerging from the interactions between the local dy-
namics of the individual elements. Symbolic dynamics is a powerful tool to
study and understand not only the behavior of the local dynamical systems
in the nodes, but also the global dynamics in the network. The main idea
is to encode the itineraries of the images of the critical (or discontinuity)
points of a piecewise monotone map f on an interval in symbolic sequences.
These symbolic sequences are called kneading sequences, after [Milnor &
Thurston, 1988]. The set of kneading sequences for a map f is called the
kneading invariant of f and is denoted by IC(f). This kneading invariant is
a topological invariant and can be used to obtain topological information
on the discrete dynamical system induced by f, such as the topological
entropy, hiop (f). See [Fernandes & Ramos, 2006], [Lampreia & Ramos,
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1997], [Milnor & Thurston, 1988], [Rocha & Ramos, 2006] and references
therein. Consider a compact interval I C R and a m-modal map f : I — I,
i. e., the map f is piecewise monotone, with m critical points and m + 1
subintervals of monotonicity. Suppose I = [cp, ¢m+1] can be divided by a
partition of points P = {c¢o, ¢1, ..., ¢m+1} in a finite number of subintervals

Il = [80761]3 IQ = [81762]7 Im+1 = [Cmacm—&-l}

in such a way that the restriction of f to each interval I; is strictly mono-
tone, either increasing or decreasing. Assuming that each interval I; is the
maximal interval where the function is strictly monotone, these intervals I;
are called laps of f and the number of distinct laps is called the lap number,
£, of f. In the interior of the interval I the points ¢y, ca, ..., ¢, are local
minimum or local maximum of f and are called turning or critical points
of the function. The limit of the n-root of the lap number of f™ (where
f™ denotes the composition of f with itself n times) is called the growth
number of f, and its logarithm is the topological entropy, denoted by

5= li_>m VAfr) and Dy =logs

The intervals I; = [¢j_1, ¢;] are separated by the critical points, numbered
by its natural order ¢; < ¢ < ... < ¢,. We compute the images by f, f2,
oy f™, ... of a critical point ¢; (j =1,...,m — 1) and we obtain its orbit

={c} : c} = f"(cj), ne N}

If f™(c;j) belongs to an open interval Ik = |ek—1, cx[, then we associate to it
a symbol Ly, with k = 1,...,m + 1. If there is an r such that f"(¢;) = ¢y,
with » = 1, ..., m, then we associate to it the symbol A,.. So, to each point
¢;, we associate a symbolic sequence, called the address of f"(c;), denoted
by S = 51.55...5,..., where the symbols Sy belong to the m-modal alphabet,
with 2m + 1 symbols, i.e.,

Am = {L17A17L2;A27 "'7Am7Lm+l} .

The symbolic sequence S = 5¢5155...5,..., can be periodic, eventually pe-
riodic or aperiodic. The address of a critical point c; is said eventually
periodic if there is a number p € N, such that the address of f"(c;) is equal
to the address of f™*P(c;), for large n € N. The smallest of such p is called
the eventual period. To each symbol L € A,,, with k =1,...,m + 1 define
its sign by

(L) = { —1if f is decreasing in Iy (7.14)

1if f is increasing in I
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and €(Ay) =0, with k£ =1, ...,m. We can compute the numbers

k—1
=[] e(Lr)
1=0

for k > 0, and take 79 = 1. The invariant coordinate of the symbolic
sequence S, associated with a critical point c;, is defined as the formal
power series

k=00
ch (t) = Z Tk th Sk
k=0

The kneading increments of each critical point c¢; are defined by
ve,(t) =0 +(t) —0,-(t) with j=1,.m

where 0+ (t) = lim 0.(t).

xr—cC:
J
Separating the terms associated with the symbols Ly, Lo, ...,Lp41 of
the alphabet A,,, the increments v;(t), are written in the form

Ve; (t) = le(t)Ll + NjQ(t)LQ + ...+ Nj(m+1)(t)Lm+1
The coefficients Nj;, in the ring Z [[t]] are the entries of the m x (m + 1)
kneading matrix
Nii(t) -+ Nignr)(?)
N(t) = Lo I
N1 (t) -+ Nip(m1)(t)

From this matrix we compute the determinants D;(t) = det N (t), where
N(t) is obtained from N (t) removing the j column (5 =1,...,m + 1), and

(=1)*1D;(t)
1-— E(Lj)t
is called the kneading determinant. Here ¢(L;) is defined like in (7.14).
Let f be a m-modal map and D(t) defined as above. Let s be the growth

number of f, then the topological entropy of the map f is, see [Milnor &
Thurston, 1988],

D(t) =

1
hiop(f) =logs, with s= . and (7.15)

t* =min{t € [0,1]: D(¢t) =0} (7.16)
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Fig. 7.13. Tree of unimodal kneading sequences.

We will use the symbolic dynamics to obtain results about a large set of
functions f, namely those associated with the unimodal kneading sequences
in the ordered tree in Fig. 7.13, [Lampreia & Ramos, 1997].

Sousa Ramos and some of his students have worked extensively this tree
and obtained several results concerning the invariants that characterize the
different dynamics present in each node of this tree. Using techniques from
symbolic dynamics one can compute topological entropy, conductance, mix-
ing rate, Lyapunov exponents, Hausdorff dimension, escape rate and others
topological and metrical invariants. Our first approach consists in determin-
ing for each one of the local dynamic system for what values of the coupling
parameter, ¢, there is synchronization, for different coupling scenarios.

Consider the network described by Eq. (7.4), where the function f, rep-
resenting the local dynamics, is a piecewise linear map with slope +s ev-
erywhere, i.e., topological entropy hyp, = log s, [Milnor & Thurston, 1988].
We denote such functions by fs.

In this context, using the result from [Li & Chen, 2003] and attending
that hmax = log s, [Rocha & Ramos, 2006], we are in position to state that
the synchronization interval of these networks may be expressed in terms
of the topological entropy. Fix some topology for the network, described by
the adjacency matrix A and vary the local map f in the nodes, along the
most right line, in the descent way, of the tree in Fig. 7.13, of admissible
trajectories for the unimodal map. In this line the entropy grows and in Fig.
7.14 we see that the amplitude of the synchronization interval decreases as
the entropy grows along this line.

The same result is obtained if we follow any horizontal line of this tree,
going from the left to right. The amplitude of the interval decreases as the
topological entropy grows.
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Fig. 7.14. The amplitude of the synchronization interval decreases when the topological
entropy grows.

In Figs. 7.15, 7.16 and 7.17 we can observe the behavior of the synchro-
nization interval for networks with fixed topology, given by the graph (or
the matrix A) and in each node maps fs, ordered according to the growth
rate s. In these figures, as s grows, the descendent line represents the upper
limit of the synchronization interval and the ascendent line represents the
lower limit. The amplitude of the synchronization interval, for each value
of s, is the vertical distance between the two lines. So, if for a certain sg,
the two lines cross each other, then for s > s¢ the synchronization interval
is empty. Note that in Fig.7.16 the graph is fully connected, then the syn-
chronization interval of fs is nonempty for all values of s. In all figures we
see that the amplitude of the synchronization interval decreases with s.

0001
0011
" 0.5
0101 .
0.45 .
1110 .
0.4 tel,,,
2 . ML
0.3 N
L 3 1.2 14 1.6 18 2 5
0.25

Fig. 7.15. Adjacency matrix and graph of the network and synchronization interval of

s
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Fig. 7.16. Adjacency matrix, fully connected graph and synchronization interval of fs.
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Fig. 7.17. Adjacency matrix and graph of the network and synchronization interval of

Js-

We studied networks having in each node identical chaotic piecewise
linear maps. We obtained a synchronization interval in terms of the topo-
logical entropy in each node and in terms of the eigenvalues of the coupling
matrix A, which determines the topology of the networks.

Proposition 7.1. The synchronizability in the family of piecewise linear
unimodal maps decreases when the topological entropy hiop(f) in each node
mereases.

Proof. From (7.5) we have the synchronization interval given by
1 _ efhmax 1 + efhmax

I= ;
Az [An|
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For a map f, in this family we have hpyax = logs = hiop(f), so the result
follows. |

Conjecture 7.4. Consider a network with a fized connection topology, hav-
ing in each node identical members of the family of m-modal functions f in
the real interval. Then,

i) The synchronizability decreases when the topological entropy hiop(f), in
each node, increases.

it) There is a threshold value ho of the topological entropy hiop(f), such
that, for each f in this family, with topological entropy h < hg, the syn-
chronization interval of the network with f in each node is nonempty.

We have yet no proof for this conjecture but it should be possible to
prove it, using the existing semiconjugacy between arbitrary m-modal maps
and piecewise linear m-modal maps with the same topological entropy. It
remains an open problem to find weaker conditions for the relation between
the synchronization in networks whose nodes are piecewise monotone maps
and synchronization in networks whose nodes are the respective semicon-
jugated piecewise linear maps. Acknowledgments: We would like to thank
FCT (Portugal) for having in part supported this work through the Re-
search Units Pluriannual Funding Program. The work has been also sup-
ported by the Instituto Superior de Engenharia de Lisboa, Universidade de
Evora, CIMA-UE and CEAUL, Portugal.
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The recent development of partial differential equation theory shows that
this approach is a powerful tool for the wavelet analysis of non-stationary
time series including those generated by chaotic systems. The present
paper reviews main directions, where it is applicable, formulates current
open problems and possible ways to their solution.
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8.1. Definitions and State of Art
The continuous wavelet transform with the Morlet wavelet given by

t=b _@-02 dt

+oo
w(a,b) = /f(t)ei“’o_e 2a2

Norm (8.1)

is a powerful modern tool for signal and image processing [Mallat, 1999].
Since the kernel in (8.1) is the harmonic function modulated by the Gaus-
sian having the almost-compact support with the characteristic length of

149
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scale a, this transform allows to evaluate a local spectral analysis, i.e., to
find periods T' = 27a/wp in the vicinity of time moment b.

For example, the perspective objects of its application are the complex
solutions of differential equation systems

Ji) = F (£, f,0)

especially the functions that have a chaotic behavior. One of the most
important area of applicability is the study of the phenomenon, which is
knows as “chaotic synchronization” [Pikovsky et al., 2001]. That means
that the absolute value of the instantaneous phase (¢1(t) and ¢2(t)) dif-
ference of two chaotic functions or time series f1(¢) and fo(¢), must be a
bounded function of time: |¢1(t) — ¢2(t)| < const for any t.

However, the definition mentioned above reveals the important problem,
which is still far from a complete solution: how to introduce a phase of a
chaotic oscillator. The authors of the article [Hramov & Koronovskii, 2004]
have mentioned that in some cases there exists a synchrony between phases
@(a,b) of the complex wavelet transform w(a,b) = |w(a,b)|exp(i¢(a,b))
defined above (8.1).

Recently, this process has been studied in more details [Postnikov,
2009a]. It is argued that the wavelet phase synchronization provides in-
formation about the synchronization of an averaged motion described by
bounding tori instead of fine-level classical chaotic phase synchronization.
The concepts of bounding tori, first introduced in [Tsankov & Gilmore,
2003] implies that chaotic attractors have various scales of structure: a fine
set of unstable orbits at a finer level and a torus with holes, which encloses
it. This bounding torus is a semi-penetrable surface defining the domain
from which a phase trajectory cannot escape, see the review with appli-
cations to various examples including Rossler system, in [Letellier et al.,
2006].

The outlooks obtained in [Postnikov, 2009a] are based on the represen-
tation (first proposed in [Postnikov, 2007]) of the transform (8.1) in the
form w(v,wo,b) = u(v,wo, b) exp(invb), where u(v,wp,b) admits the diffu-
sion equation

Ou ~1 0%
or ob?
with the initial condition u(0,b) = f(b) exp(—invb) at the “instant” 7 = w3
with the diffusion coefficient (2721v%)~!. Here v = wy/7wa is a parameter

= (2%?) (8:2)

corresponding to scale a, at which one searches synchronization.
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Fig. 8.1. Time dependence of phases for Rossler oscillator: dashed line — original phase
angle (that corresponds to the wavelet phase for wg = 0); solid line — the wavelet phase
at wg = 4m.

In the case if one needs to evaluate the wavelet transform over all possi-
ble scales, one can use instead of (8.2) another partial differential equation:
2
(:)9—1: = a%TZU - iwog—%} (8.3)
It has been proven in [Postnikov, 2006] that the transform (8.1) is a solu-
tion of the Cauchy problem for (8.3) with the initial condition w(0,b) =
F(b) exp(—w?/2).

The detailed derivation of PDEs (8.2), (8.3), discussion of their applica-
bility and computational realization, as well as an illustrated by examples
comparison with other wavelet methods can be found in the comprehensive
review [Postnikov, 2009b].

8.2. Open Problems in the Continuous Wavelet Transform
and a Topology of Bounding Tori

Recently, it has been shown in [Postnikov, 2009a] that the so-called “wavelet
phase” or “time-scale”synchronization of chaotic signals is actually syn-
chronization of smoothed functions with reduced chaotic fluctuations, see
Fig. 8.1. One can see that the original phase curve considered as a polar
angle on a phase plane is not a pure saw-like line but has random bursts
due to chaoticity. This bursts are the chaotic fluctuations eliminated by
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diffusion process (8.2). Thus, the problem is to study this process in more
details. Namely:

Problem 8.1. How the maximal Lyapunov characteristic exponent, giving
the rate of exponential divergence from perturbed initial conditions, and cal-
culated along a given scale of the wavelet-transformed chaotic signal depends
on the value of a central frequency.

Problem 8.2. A wavelet synchronization is detected if the used central
frequency is higher than a certain critical value — does it means that the
maximal Lyapunov characteristic exponent change its sign at this value?

Problem 8.3. [t is argued that the wavelet phase synchronization provides
information about the synchronization of an averaged motion described by
bounding tori- is it possible to determine the radii of these tori using the
data from the wavelet transform?

8.3. The Evaluation of the Continuous Wavelet Transform
Using Partial Differential Equations in Non-Cartesian
Co-ordinates and Multidimensional Case

The known [Postnikov, 2006] representation of the continuous Morlet

wavelet transform as a solution of the Cauchy problem for a complex partial

differential equation (8.3) is valid for 1D Cartesian co-ordinates only.
Correspondingly, the following generalizations are desirable:

Problem 8.4. Is it possible to use a similar PDE approach to have the
complex wavelet transform for a local spectral analysis in the case of non-
Cartesian or, in general, arbitrary curvilinear coordinate systems? It is
natural that the corresponding wavelet will consists another orthogonal func-
tion instead of complex exponential (say, Bessel functions, in the case of
cylindrical co-ordinates), but will this wavelet generated by simple replacing
of derivatives in (8.83) by their curvilinear analogs.

Problem 8.5. To generalize Eq. (8.3) on 2D case and to use it for 2D
spectral image processing; to study problems connected with anysotropy of
basis wavelets in two-dimensional case.

Problem 8.6. To generalize Eq. (8.3) on an arbitrarily many-dimensional
case, including partial differential equations on manifolds and to analysis
an existence of PDE-generated wavelet transform in these cases, as well as
their applicability for study of multidimensional dynamic systems.
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8.4. Discussion of Open Problems

The open problems 1 and 2 are connected with the calculation of a basic test
of chaos presence: the value of largest Lyapunov characteristic exponent
(LCE). A dynamical system is chaotic if at least one LCE is positive. Thus,
the idea is the following: if one replaces the original phase curve, having
positive LCE, with the phase curve obtained by the wavelet transform at a
given scale, i.e., (z(t),y(t)) = (Rew(b, a), Imw(b, a)) for some fixed a, Here
the complexification f(t) = x(¢) + iy(t) can be used as the transformed
function in (8.1) and, correspondingly, in the initial condition for (8.2). The
main challenge is to prove the supposition that the wavelet synchronization
is strictly connected with positivity of LCE in the wavelet space.

The second set of problems could be solved by replacing of the simple
1D Cartesian form of derivatives in (8.2) by their co-ordinate-free vector
version
2—2) = aViw+ Q- Vuw (8.4)
This is a natural way to the definition of the directional Morlet wavelet.
Namely, if Q = (wy,wy), then a = atan (wy/w;) is the angle determining
the direction of the wavelet. Additionally, the form (8.4) provides an op-
portunity to apply the method in the case of non-Cartesian grids, say on
a sphere (in this case one needs only to represent the Laplacian and the
gradient operators in the spherical co-ordinates) or on manifolds.
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9.1. Introduction

Let (X, d) be a compact metric space and let f1 oo = (fn)52; be a sequence
of continuous maps f, : X — X. A non-autonomous discrete system is the
pair (X, f1,00). Given z € X, its orbit is the sequence (f]'(z))22,, where

*The author has been partially supported by the grants MCI (Ministerio de Ciencia
e Innovacién) and FEDER (Fondo Europeo de Desarrollo Regional), grant MTM2008-
03679/MTM and 08667/P1/08 (Fundacién Séneca, CARM).
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156 J. S. Cdnovas

fY is the identity on X, f{ = f1 and f' = f, 0...0 fao f1, for n > 2. Let
Orby, . (x) denote the orbit of x by f1 .

This work is devoted to introduce some open problems concerning pe-
riodic non-autonomous discrete systems, that is, when there is a minimal
integer T" such that f, .7 = f, for all n € N. Note that in this case, f{ = f1
and f' = fm) © fin—1) © ... © f1, where (n) € {1,...,T} holds that n — (n)
is divided by T'. Hence, the non-autonomous system can be thought as the
combination of the maps fi,...,fr.

When fi.00 = (f, f, f,...), that is T = 1, we have a discrete dynamical
system, which will be denoted by replacing fi. by f, as (X, f). We are
going to introduce some definitions for non-autonomous systems (X, f1 o)
which have an immediate translation to discrete dynamical systems. In
that case we will write f instead of f1 o, without introducing the analogous
definition.

The motivations for studying these systems comes from several applied
sciences. For instance, let us introduce the following model which comes
from economic dynamics (see [Puu, 1991]). Assume a market consisting in
two firms producing equivalent goods, with isoelastic demand function (in
its inverse form)

1
b= Q1+ q2
where ¢;, i = 1,2 are the outputs of both firms and p is the price. In
addition, assume that the cost functions are given by C; = ¢; - ¢;, 1 = 1,2,
being the constant marginal costs ¢;. Each firm wants to maximize the
profit function

(9.1)

Hi:p‘Qi_Ci‘Qi:ql(ﬁqg_Ci'qi (9.2)
Solving the equation %1;[; = 0, we obtain that
@ =Va/c1—q = filg) (9:3)

and

g2 =/ (J1/02 —q1 = f2(Q1) (9-4)

The maps f; and f5 are called reaction functions, because firms plan their
future production according to these maps (note that firms’ aim is to max-
imize their profits). The reaction functions have a one dimensional do-
main and the productions of each firm are given by the periodic sequences
(f1, f2, f1, fo,...) and (fa, f1, f2, f1,...), respectively. We refer the reader
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to the references [Dana & Montrucchio, 1986, Kopel, 1996, Puu & Norin,
2003] for additional examples of these kind of duopolies.

Periodic models can also appear because of model time dependance.
For instance, economic dynamics gives us examples of markets with n firms
(oligopolies) and investment periods. In that investment periods, the firms
are forced to invest part of their capital stock. Hence, we have two different
reaction functions, one for the investment period and another different one
when the firms do not invest. In the simplest case of periodic investment
periods, these oligopoly models are given by periodic sequences of maps
(see e.g. [Puu, 2005]).

Let us emphasize that recently, some scientists working on population
dynamics use such kind of systems to model the population growth of
species under some periodic changes in the environment. For instance,
the non-autonomous Beverton-Holt equation

uKnxy,

Tn+1 =
where K, is a periodic sequence. This non-autonomous equation has been
studied in [Cushing & Henson, 2002; Elaydi & Sacker, 2005]. The sequence
K, is the “carrying capacity of the environment” and pu is the “inherent
growth rate” of the population z,,.

Finally, we must remark the existence of the so-called Parrondo’s para-
dox [Harmer & Abbott, 1999], which has been studied in many applied sci-
ences like physics [Parrondo et al., 2000], economy [Spurgin & Tamarkin,
2005] or biomathematics [Steele, 1998]. Roughly speaking, it consists in
alternating different games (in a stochastic or deterministic way) and com-
paring certain properties of the combined game with the properties of the
individual games. There exists paradox if these properties are completely
different. Parrondo’s paradox has been extended to the context of non-
linear dynamical systems. In this case, the most relevant property to
study is the chaotic behavior of the single and combined dynamics. For
instance, let (X, f;), ¢ = 1,2, be two discrete dynamical systems and con-
sider the combined system (X, f1,00) where fi o is the periodic sequence
(f1, f2, f1, f2, ...). There is paradox when the dynamical behaviors of (X, f;)
are simple (resp. complicated) and (X, f1,0) is complicated (resp. sim-
ple). For instance, in [Almeida, et al., 2005] we can see that the phe-
nomenon “chaos+chaos=order” is possible when periodic combinations of
one-dimensional quadratic maps are taken. In the periodic case, the dy-
namic Parrondo’s paradox was deeply analyzed in [Cénovas et al., 20006]
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(below we will explain the obtained results and the related open problems).
For the sake of completeness, let us emphasize that the dynamic Parrondo’s
paradox for random combination of maps was analyzed by Boyarsky and
collaborators, showing the existence of absolutely continuous measures in
the case of random combinations of simple piecewise smooth maps [Bo-
yarsky et al., 2005].

The work is organized as follows. The next section will be devoted to
introduce some basic notation while the open problems will be stated in
Sec. 9.3.

9.2. Basic Definitions and Notations

Let (X, d) be a compact metric space and denote by C(X,X) the set of
continuous maps f : X — X. Fix (X, fi.0) a non-autonomous discrete
system. As we mentioned above, all the definitions and notation on non-
autonomous systems have an immediate translation to dynamical systems,
just considering fi » as a constant sequence (f, f, f,...), and then writing
f instead of fi .

An orbit Orby, _(2) = (2n);2; is periodic if there is & € N such that
Ty = Tpik for all n € N. The smallest integer k satisfying the above condi-
tion is called the period of x = x;, which is called a periodic point of fi .
Periodic points of period one are called fixed points of fi . We denote by
Per(f1,00) the set of periods of f1 , and by Fix(f1,.0) and P(f1,00) the sets
of fixed and periodic points of fi ~, respectively. Note that = € Fix(f1,00)
if and only if = € Fix(f,) for all n € N.

Consider the Sharkovsky order in the set of natural numbers “> 7, given
by

2" p>x2"-q (9.6)

for n,m € NU {0} and p, ¢ odd numbers, if one of the following conditions
is fulfilled

e p=¢g=1and n>m,
e g=1landp>1,

e 1Z{p,q} and n <m,
e l<p<gqgand n=m.

For instance, 3 x n foralln € N, 4 % 2 > 1 and 7 > 10 > 20 > 16.
For n € NU {2°°}, let

Sn):={meN:n>xm}U{n} (9.7
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and
S2*):={2":ne NU{0}} (9.8)

Sharkovsky’s Theorem states the following (see [Sharkovsky, 1964] and
for a simple proof, [Du, 2004]).

Theorem 9.1. Let f € C(I,1), I = [0,1], be such that it has a periodic
orbit (periodic sequence) of period n. Then f has periodic points (periodic

sequences) of period m € S(n). Moreover, for any n € NU {2%°} there is
fn € C(I) such that Per(f,) =S(n).

Fixed and periodic points are the strongest notions of recurrence in
dynamical systems. There are weaker notions of recurrence that contain
the sets of both fixed and periodic points (see e.g. [Block & Coppel, 1992]).
A point z € X is called recurrent if for any open neighborhood U of z
there is a strictly increasing sequence (n;)$2; such that f™(z) € U. If the
sequence (n;)$2; has bounded gaps, the point is called uniformly recurrent
(also called regularly recurrent). If n; = ki for some k € N the point is
called almost periodic. Denote by Rec(f), UR(f) and AP(f) the sets of
recurrent, uniformly recurrent and almost periodic points, respectively. It
is clear from the definitions that

Fix(f) € P(f) € AP(f) € UR(f) € Rec(f) (9.9)

For any « € X, we denote by wy, () the set of limit points of the orbit
Orby, (), that is, y € wy, _(x) if there is a strictly increasing sequence
of non-negative integers (n;)52, such that
lim f"(2) =y (9.10)
11— 00
When fi o = f, the set w¢(x) is compact and invariant by f, that is,
flws(z)) C wy(x). Note that x € Rec(f) if and only if z € wy(z). On the
other hand, for any = € UR(f), the w-limit set wy(z) is a minimal set, that
is, it does not contain any proper closed subset which is invariant by f.
When there exists € X such that wy, _ (z) = X, we will say that fi
is transitive. The transitivity of an interval map f € C(I,I) is equivalent
to chaoticity in Devaney’s sense. Recall that f € C(X,X) is chaotic in
Devaney’s sense (see [Devaney, 1989]) if it satisfies the following conditions:

e f is transitive.
e P(f)is dense in X.
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e f has sensitive dependence on initial conditions, that is, there is ¢ > 0
such that for any « € I there is an arbitrarily close y € I and n € N
such that d(f™(x), f*(y)) > €.

One of the main topics in dynamical systems is the dynamical com-
plexity or chaos. A well-known measure of such complexity is given by
topological entropy (see [Kolyada & Snoha, 1996]). Given € > 0 and n € N,
we say that a subset £ C X is (n, €, f1,00)-separated if for any z,y € E
there is k € {0,1,...,n — 1} such that d(ff(z), ff(y)) > e. Denote by
s(n, €, f1,00) the cardinality of a maximal (n,e€, fi o )-separated subset of
X. The topological entropy of fi o is the number defined by:

h(f1,00) = g% hgl—ilip % log s(n, €, f1,00) (9.11)
In the autonomous case, when f; o is a constant sequence of maps, topo-
logical entropy is taken as a measure of the dynamic complexity of the dis-
crete system (see [Adler et al., 1965] for the seminal definition, and [Block
& Coppel, 1992] and [Alsedd et al., 1993, Chapter 4] for classical books).
Useful properties of topological entropy of a continuous map f €
C(X, X) are the following (see e.g. [Alseda et al., 1993, Chapter 4]):

e Conjugacy invariancy. Let f: X — X and g: Y — Y be continuous
maps on compact metric spaces and let 7 : X — Y be a continuous
surjective map satisfying mo f = gon. Then h(g) < h(f). If in addition
7 is an homeomorphism, g and f are said to be conjugated and h(g) =
h(f):

o If X = U | X}, where X; C X are invariant by f compact subsets,
then

h(f) = max{h(f

x)11<i<k} (9.12)

o If X =71 =[0,1] and f € C(I,I) is piecewise monotone, that is, there
are)0 =x9 <11 < ... < Tp_1 < Ty = 1suchthat f
fori=0,1,....,n— 1, then

[2:,2:41] 1S MONOtONE

h(f) = lim < loge(f") (9.13)

n—oo N
where ¢(f™) is the number of monotone pieces of f" (see [Misiurewicz
& Szlenk, 1980]).

Tt is remarkable that if h(f) is positive, then the map f is chaotic in the
sense of Li and Yorke (see [Blanchard et al., 2002]). In general, a sequence
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f1,00 is chaotic in the sense of Li and Yorke if there is an uncountable subset
S C X such that for any z,y € S,  # y, we have that

liminf d(f7'(z), f1'(y)) = 0 (9.14)
and
lim sup d(f1'(z), f{'(y)) >0 (9.15)

So, S is called an scrambled set for fi .

In the case of continuous maps on the interval, there is a clear di-
chotomy between Li-Yorke chaos and simplicity. Namely, we say that an
orbit Orby(x) is approximated by periodic orbits if for any € > 0 there is
y € P(f) and ng € N such that |f"(z) — f™*(y)| < . So, the map f is either
Li-Yorke chaotic or any orbit is approximated by periodic orbits [Smital,
1986]. Below, we will introduce our problems.

9.3. Statement of the Problems

As a first approach, let us remark that periodic non-autonomous systems
can be studied as a dynamical system. Given x € X, its orbit under fi o
can be analyzed by means of some of its subsequences. More precisely,
if Orby, _(z) = (xn)5Zg, then, for i = 0,1,...,T — 1, the subsequences
(Tn-14i)5% are exactly Orby,of, 1o..0frofrofr_1o..ofiii (fi(x)). So, for any
x € X, it is simple to prove that

W oo (2) = Wiro.oy (#) U fofro.of (f1(2) U Uwpn o frofe (fT (@)
(9.16)
Hence, one can wonder whether the behavior of fi o can be deduced from
the behavior of the compositions fro...o fi, fio fro...o fo,...and fr_jo0
fl o fT-
This idea produces another positive results, as for instance, in comput-
ing the topological entropy. When f; o is a periodic sequence, it is proved
in [Kolyada & Snoha, 1996] that

h(f1.00) = h(fro...of1) = h(fiofro...ofs) = ... = h(fr—10...fiofr) (9.17)

Finally, in [AlSharawi et al., 2006] a characterization of periodic solutions
of one dimensional non-autonomous difference equations has been found in
terms of the Sharkovsky’s result for one dimensional maps. Namely, for
q €N, let

Ay ={n:lem(n,T)=¢q T} (9.18)
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Notice that p - ¢ € A, and define the equivalence relationship “~” on N
by stating that n ~ m, n,m € N, if and only if n and m belong to the
same set A,. If we denote any equivalence class A, by [g], we define the
order on N/ ~ by [n] > [m] if and only if n >¢m. Then it is proved
that if [n] € Per(f1,00)/ ~, then any [m] € N/ ~ such that [n] > [m],
then [m] € Per(f1,00)/ ~. The proof of this result is based on two facts:
Sharkovsky’s Theorem and the fact that if m € Per(f1,0) and m € [q],
then q € Per(fro...o f1).

However, we must point out that the above compositions, fi o fo and
f2 o f1, may need not have the same dynamic properties, as we will show
in the section devoted to commutativity problems (see [Balibrea, et al.,
1999] or [Cédnovas et al., 2006]). Additionally, some dynamic properties
of a sequence fi  cannot be obtained from the above compositions; for
instance, the existence of periodic orbits of odd period of a non-autonomous
system f1 0o = (f1, f2, f1, f2,...) defined on the unit interval [0,1] cannot
be deduced from the periodic orbits of f1 o fo and f2 o f1 (see [Cénovas &
Linero, 2006]). In addition, if we define

N*=N\({2n—1:n e N}u{2}) (9.19)
it is proved the following result.
Theorem 9.2. Let f1, fo € C(I). Then
(a) If f1,00 has a periodic orbit of period n € N* U {2°°},
S(n)\{1,2} C Per(f1,00)-
(b) If2n+1 € Per(f1,00), n > 1,
S 3\1} C Per(fim0).

(c) There are f1, fo € C(I) such that Per(fi.) is {1}, {2} or {1,2}.
(d) For anyn € N* U {2°°}:
d.1. There are f1, fa € C(I) such that Per(f1,00) = S(n)

d.2. There are f1, foa € C(I) such that Per(f1,00) = S(n) {1}.
d.8. There are fi1, fo € C(I) such that Per([f1,00) = S(n)\{2}.

(e) Let Imp C {2n+1:n € N}. Then
e.1. For any subset of odd numbers Imp there are f1, fo € C(I) such
that Per(f1,00) = Imp U (S(2 - 3)\{1}).

e.2. For any subset of odd numbers Imp there are f1, fo € C(I) such
that Per(f1,00) =ImpUS(2-3).
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Notice that the case Per(f1,00) = ImpU(S(2-3)\{2}) is not allowed, that
is, if 2n 41 € Per(f1,00) for some n € N, then automatically 2 € Per(fi o).
In addition, for n € N* U {2°°}, n # 2 - 3, there are not continuous maps
f1 and f2 such that Per(f1 o) = Imp U (S(n)\{1}) or Per(f1,00) = Imp U
(8(n)\{2}) or Per(f1,00) = Imp US(n). The key for proving Theorem 9.2
is that, given z € [0, 1], its orbit Orby, () is periodic with odd period ¢
if and only if

Orby,  (z) = Orby, (x) = Orby, (x) (9.20)

and this property cannot be deduced from the composition fso f;. We can
identify three types of different problems with periodic non-autonomous
systems:

e Can a dynamical property of fi o be studied from the analogous dy-
namical properties of fro...ofy, fiofro...ofo,...and fr_jo...f10fp?

e Are the dynamical properties of fro...o f1, fi o fro..o fa,... and
fr—10..f1 o fr equivalent?. That is, if fr o...o f; has a dynamical
property the maps fio0 fro...o fa, ... and fr_jo...f1 0 fr have the same
property?

e Can a non-autonomous periodic system (X, f1 ) be studied from its
individual systems (X, f;), i =1,....,T?

Below, we state concrete problems concerning these general problems.

9.3.1. Dynamic Parrondo’s Paradox and Commuting
Functions

Denote by D(f1,) the set of dynamic properties of fi . Dynamic prop-
erties of fi . are, for instance, positive topological entropy, existence of
periodic orbits of period m € N, or to exhibit chaos in the sense of Li and
Yorke.

Fix X = [0,1] and a continuous map f : [0,1] — [0,1]. Let J = [a,b] C
[0,1] and denote by ¢ : J — [0,1] a linear map such that ¢s(a) = 0 and
¢ (b) = 1. Define f; :[0,1] — [0,1] by fs(z) = ¢ ' o fops(z)if z € J,
f7(0) =0, f;(1) = 1, and linear on any connected component of [0,1]\ .J.
A dynamic property P € D(f) is an L-property if for any continuous map
f and any compact subinterval J C [0, 1], it is held that P € D(f)ND(f;).

Since h(f) = h(f;), the topological entropy is an L-property. Addi-
tional examples of L-properties are to be chaotic in the sense of Li-Yorke or
Per(f) = S(n), n € NU{2*°}. However, there are dynamic properties which
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are not L-properties as for instance the existence of dense orbits (topologi-
cal transitivity). The next result from [Cénovas et al., 2006] is very useful
to realize that the construction of continuous interval maps which exhibit
the dynamic Parrondo’s paradox is relatively easy.

Theorem 9.3. Let P;, i = 1,2,3, be L-properties. Then there are contin-
uous maps f and g such that Py € D(f), P, € D(g) and P3s € D(go f).

The construction of maps for proving Theorem 9.3 can be done as follows.
Let f; € C(I,I) be such that P, € D(f;), i« = 1,2,3. Since P; are L-
properties, we may assume that f;(0) =0 and f;(1) =1 for ¢ = 1,2, 3. Let
Ji=[(E—-1)/3,i/3],i=1,2,3. Let ¢(z) =1 — x, x € I. Define the maps

1 ifx ey
fl@) =1 (g3, oo fsops,)(x)ifx € /o (9.21)
(@}31 ofiopn)(z) ifxels

and

(93, 0 faopn)() if 2 € Jy
g(z) = x ifx € Jy (9.22)
(07, 0¥ ows)(x) ifz €y

Notice that any orbit of f is eventually in J3 and any orbit of g is eventually
in Jp, or it is a fixed point, and hence f and g have the same properties that
fi and fo. Then P € D(f) and P, € D(g). Notice also that Ps ¢ D(f)
(resp. Ps ¢ D(g)) unless Ps € D(f1) (resp. Ps ¢ D(f2)). A simple
computation gives

1/3 ifz e Jl
(gof)@) = (¢, ofsopn)(@) ifwzel 9.23)
(@}21 oo fropy)(z)ifx € J3

and then P; € D(go f). Notice again that by the construction P; ¢ D(go f)
unless P; € D(f3), i =1,2.

In particular, we can construct maps such that f and g have a compli-
cated (simple) L-property and f o g has not this property [P € D(f)ND(g)
and P ¢ D(go f)]. For instance, we consider the topological entropy. From
Theorem 9.3, we can construct two continuous interval maps, f and g,
with zero topological entropy (and hence simple) such that f o g has pos-
itive topological entropy (and therefore a complicated dynamics). Let us
remark that the opposite result is possible.
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The construction of the maps f and g in the proof of Theorem 9.3 do not
commute. So, our first open problem is related to add the commutativity
condition to the hypothesis of Theorem 9.3 as follows.

Problem 9.1. Is it possible to prove Theorem 9.3 with the additional prop-
erty that the maps f and g commute?

It is simple to construct two commuting continuous maps f and g with L-
properties P; and Ps, respectively, and such that the composition fog = go
f is constant. Just consider the subintervals Iy = [0,1/2] and I, = [1/2,1],
and two continuous interval maps f1,¢1 : [0,1] — [0,1] with the desired
L-properties P; and P, and such that f1(1) = f2(0) = 0. Then, define the
maps

—1 .

_Jen eficen(x)ifael

f(x) { ! el (9.24)
and

ifz e .[1

) = _ .
9(z) {<P121°910<P12(90)1f$€—72

to finish the construction. Then (f og)(x) = (go f)(z) =1/2for all z € I.
Constructing commuting maps such that f o g has additional L-properties

=

(9.25)

is a more complicated question.

On the other hand, the maps in the proof of Theorem 9.3 are constructed
on subintervals piece by piece. Often, models are given by an analytical
expression, as for instance the logistic family f(z) = az(1—=x), a € [1,4]. So,
studying the Parrondo’s paradox in these “natural” families is an immediate
question.

Problem 9.2. Let fo, : I — I, I = [0,1], be a one parameter family
of maps. For ai and ag in the parameter family, find conditions on the
parameters such that fq, and f,, hold the dynamic Parrondo’s paradozx.

As a first approach, one could consider the very well-known studied logistic
family fo(z) = az(l—2x), x € I and a € [1,4]. Some numerical experiments
showing the existence of paradox for a one parameter family of maps can
be found in [Almeida et al., 2005]. However, we claim for the possibility
of proving the existence of paradox by means of analytical proofs. In this
setting, we point out the works [Andrecut & Ali, 2001(a-b)] which show
the existence of robust chaos related to the parameter family.
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Finally, when the maps f and g commute, the paradox can be impos-
sible. For instance, it is proved in [Cdnovas & Linero, 2005] that if f is
transitive (having a dense orbit) and piecewise monotone, then for any non
constant continuous map g commuting with f it is held that f o g is also
transitive. Hence, the Parrondo’s paradox is not possible. On the other
hand, if both maps f and g commute and are piecewise monotone, then

h(f o g) = limyse0 5 log e((f 0 g)™)
= limp 00 = log c((f™ 0 g™))
<limg, o0 57 log(e(f™)e(g™))
= limy, 00 3 10g ¢(f™) + limy, o0 3 log ¢(g™) = h(f) + h(g)

(9.26)

Hence, if A(f) = h(g) = 0 and both maps f and g are simple, then the
composition f o g is simple, and the Parrondo’s paradox is not possible.

Our last open problem in this section is related to avoid piecewise mono-
tonicity condition as follows:

Problem 9.3. Let f be continuous and transitive. Is it true that for any
non constant continuous map g commuting with f, the map f o g is tran-
sitive? Can transitivity be replaced by another dynamic property in such a
way an analogous result will be true?

In the case of transitive piecewise monotone maps, the key for proving
that f o g is also transitive when g € C(I,I) commutes with f is the
following: for any compact subinterval J C [ there is a natural number
n(J) such that f™(/)(J) = I. If f is not piecewise monotone, we have that
lim,, oo f™(J) = I and hence we think that we can avoid the assumption on
the finite monotonicity pieces of f. The second part of the problem needs
an exhaustive study of different dynamical properties, which is still undone.

9.3.2. Dynamics Shared by Commuting Functions

Commuting continuous maps defined on a compact metric space must have
some dynamics in common. It was showed in [Hu, 1993] that, if f and g
commute, then they share an invariant measure. Recall that an invariant
measure of a continuous map f is a probabilistic measure p defined on the
Borel sets of X, §(X), such that for any A € §(X) we have that pu(A) =
u(f~1(A)). However, the nature of such invariant measure is unclear.
Now, we focuss our attention on the set of continuous maps on the
interval, and we wonder about the shared dynamics by two commuting
continuous maps f, g : [0,1] — [0,1]. The question that if Fix(f) N Fix(g)
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was nonempty was open for a long time [Isbell, 1957], and finally was solved
in [Boyce, 1969] and [Huneke, 1969], by finding two continuous commuting
interval maps which do not share any fixed point.

In the general setting of compact metric spaces, it is well-known that
Rec(f)NRec(g) # O (see [Furstenberg, 1981]). This result can be improved
for one dimensional dynamics. Following the Sharkovsky’s order of natural
numbers, let 71 = {f € C(I,I) : Per(f) is closed}, 7o = {f € C(I,I) : f
has periodic points of period 2", n > 0} and 73 = {f € C(I,I) : f has a
periodic point which is not a power of two}. The following result stated in
[Céanovas & Linero, 2005] shows that two commuting interval maps have to
share some dynamics.

Theorem 9.4. Assume f,g € C(I,I) commute. Then

(a) If f € T1, then Fix(f) N P(g) # 0.
(b) If f € Tz, then Fix(f) N AP(g) # 0
(c) If f € Ts, then Fix(f) N UR(g) 75

The key for proving Theorem 9.4 is that the set of fixed points of f is
invariant by g. The structure of different subsets of f which are generated
by its recurrence properties will give the role that fixed points of f can
play in the dynamics of g. For instance, if f is piecewise monotone, then
Fix(f) is a finite union of (probably degenerate) compact subintervals of I,
and hence ¢ has to share a fixed point with f, i.e., Fix(F) N Fix(g) # 0.
Since Fix(f) is compact and invariant by g, it contains a minimal set, and
since points in minimal sets are uniformly recurrent, we receive that at least
Fix(f) N UR(g) # 0. Our open problem concerning periodic points is the
following one:

Problem 9.4. Assume that f and g are commuting continuous interval
maps. Since the counterexamples constructed in [Boyce, 1969] and [Huneke,
1969] the maps share periodic points, it is natural to raise the follow-
ing question (see [Alikhani-Koopaei, 1998; Steele, 1998]): is it true that
Per(f) N Per(g) # 0 for commuting continuous interval maps? Note that,
in view of Theorem 9.4, if f and g do not share a periodic orbit, the dynam-
ical behaviors of both maps must be complicated. In particular, they must
have infinitely many periodic points with an infinite w-limit set. Otherwise,
we can apply Theorem 9.4 (a) to find shared periodic points.

The next problem was suggested us by Professor Lubomir Snoha, from
Matej Bel University.
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Problem 9.5. As we mentioned above, Fustenberg’s result (see [Fursten-
berg, 1981]) states that two continuous commuting maps [ and g, which are
defined on a general compact metric space, satisfy that Rec(f)NRec(g) # 0.
Can it be improved by proving that UR(f) N UR(g) # 07 Since the w-limit
sets gemerated by uniformly recurrent points are minimal, the above ques-
tion can be established in terms of minimal sets as follows: do commuting
continuous maps share some minimal set?

We have not reasonable conjectures concerning the above two questions,
even when it is clear that commuting continuous maps have some dynamics
in common because they share an invariant measure. However, the smallest
set with full measure is the set of recurrent points.

9.3.3. Computing Problems for Large Periods T

As we pointed out in the introduction, sometimes the dynamical properties
of a periodic sequence fi » can be studied from dynamical systems prop-
erties of fro..o f1, fiofro..o fa,... and fr_j o..f1 o fr. However,
even in that case, there are some computing problems when the period T
is big enough. For instance, we introduce the following problem that was
previously stated in [Elaydi, 2004].

Problem 9.6. It is well-known that the logistic family f,(z) = pa(l — x),
x € [0,1] and p € [1,4], has a fized point which is an attractor for all the
orbits from points x € (0,1) in the case that 1 < p < 3. It is an open
question to check the conditions on the parameters p;, i = 1,...,T, such
that the periodic sequence (fu,, ..., fur,..-) has a periodic orbit of period T
which also is an attractor for all the trajectories in (0,1). Of course, this
periodic orbit (z1,x2, ..., T, ...) has to satisfy

i @) [, (@2) ()| < 1

but the family of parameters which makes possible the above equality is very
difficult to characterize.

The technical problems for solving the above problem starts when we
try to find the fixed orbit of f,, o...o fi, because we have to solve the
polynomial equation f,, o...o fi(z) = x. In general, it is well-known that
there is no a closed formula for solving the above equation if the polynomial
degree is high enough. So, alternative methods needs to be developed to
get an useful approach to this problem.
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9.3.4. Commutativity Problems

The dynamical properties of maps f o g and g o f need not be the same.
For instance, one composition can be transitive (there exists a dense orbit)
while the other composition is not surjective (recall that transitivity implies
surjectivity), as the following example shows. Consider the maps

11
= —r+4 = 2
fl@)=3z2+5 (9.27)
and
0 ifze [(3, %1]
o 6x — 2 if$€[§7§]
9T =9 6o difze 1,2 (9:28)
0 ifzel21]

It is well known that (g o f)(z) =1 — |1 — 2z| is transitive (see e.g. [Block
& Coppel, 1992]), while

3 if z €0, 5]
2v — &+ ifx € [3, 1]
fog)(x) = 3 372 9.29
( (@) —2z+ 2ifz €3, 2 (9:29)
3 if z € [2,1]

and f o g is not transitive since (f o g)([0,1]) = [1/3,2/3].

In addition, the topological sequence entropies of f o g and g o f do
not agree in general (see [Balibrea, 1999]). Topological sequence entropy
is an extension of topological entropy defined from an strictly increasing
sequence of positive integers A = (a,)22, as follows. Given a continuous
map f, we define the sequence of maps f4 = (f?, f*r 2, fa2=a ). Then,
the topological sequence entropy of f relative to A is the number ha(f) =
h(fa)-

However, many dynamical properties are the same for both composition
maps (see e.g. [Kolyada & Snoha, 1996, Cénovas et al., 2006]). More
precisely, a dynamical property P is surjectivity independent if it satisfies
the conditions:

(1) For any map f € C(I,I) it is held that P € D(f) if and only if P €
D(fly) where Y = Nyp>0f™(I).

(2) Given two arbitrary subintervals J, K C I, for any f € C(K, K), any
g € C(J,J) and any surjective map ¢ € C (K, J) such that po f = goy,
then either P € D(g) implies P € D(f) or P € D(f) implies P € D(g).
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The list of dynamical properties which hold the above conditions in-
cludes, among others, positivity of topological entropy and chaoticity in
the sense of Li-Yorke. Notice that, for instance, transitivity is not a surjec-
tivity independent dynamical property. Then, the following result can be
proved.

Theorem 9.5. Let f,g € C(I,I) and assume P is a dynamical property
which is surjectivity independent. Then P € D(f o g) if and only if P €

D(go f).

Now, we consider three continuous maps f; : I — I, i = 1,2,3. Then,
Theorem 9.5 can be extended in such that way that if P is a dynamical
property which is surjectivity independent, then P € D(f; o fa 0 f3) if and
only if P € D(fz0 f30 f1) if and only if P € D(f30 f10 f2). However, we can
see that h(f10 fao f3) # h(fa0 f10 f3) (see [Kolyada & Snoha, 1996]). Just
consider I; = [0,1/2] and I = [1/2,1] and recall that ¢y, : I; — [0,1] are
increasing linear maps for ¢ = 1,2. Let f(x) =1 — |2z — 1| be the tent map
and g(x) = |2z — 1|. Tt is well-known that h(g) = h(f) = log2.* Define the
maps

_Jzifxel,
ﬁ@%_{%ﬁxeh, (9.30)
1 .
- 5 ifwel,
fa(w) = { 1—zifz eIy, (9:31)
and
[ en Ofowj_ll(ac)—&—%ifmefh
fo() = { 1—2x if x € L. (9-32)
Then
-1
_Jenoegop; (v), x el
(o ao i) = { 72 el o)

and so h(f1 o fao f3) =log2, while f2 0 f1 o f3 is the constant map equal
to %7 which has zero topological entropy.
Our last problem involves three continuous maps, is as follows:

Problem 9.7. Find conditions on the maps such that a dynamical property
holds for f1 o fao f3 and f1 0 f3o fs.

2Note that both maps are piecewise monotone and c(f") = c(g™) = 2.
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Probably, in general the answer for this question will be negative, that
is, for any dynamical property we expect the existence of three maps such
that f10 fy0 f3 has such property and fio f30 fo does not have it. But, notice
that if f; is the identity, then fo o f3 and f3 o f; share a lot of dynamical
properties. The question is finding another non trivial conditions on the
maps in order both composition maps have the same dynamical properties.

If it is not allowed to the maps be defined piece by piece on subintervals,
as for instance in analytical models, the above question can be reformulated
as follows for the logistic family.

Problem 9.8. Let fi(x) = a;x(l — ) be such that a; € [1,4]. Is it true
that a dynamical property holds for fi o fao f3 and f1 0 f3o fa. Do their
topological entropies agree?

Here we have an additional problem because there is no way of com-
puting topological entropy, and so, some numerical methods for computing
topological entropy should be developed in advance.

9.3.5. Generalization to Continuous Triangular Maps on
the Square

Continuous triangular maps on the square 7' : [0,1]2> — [0,1]? have the
form

T(x,y) = (f(x),9(z,y)) (9.34)

for all (z,y) € [0,1]%. Note that the first coordinate is a continuous interval
map, and this fact makes possible that Sharkovsky’s theorem remains valid
for this family of maps (see [Kloeden, 1979]). However, several authors have
recently showed that the dynamics of triangular is richer than interval map
dynamics (see e.g. [Forti, 1995, Kolyada, 1992; Snoha & Spitalsky, 2006]
or [Alsedd et al., 1993]). For instance, if f € C(I,I) holds that S(2"),
n € N U {oo}, then its topological entropy is zero. However, there are
triangular maps which do not hold this property. We can translate several
problems to this family of maps as follows.

Problem 9.9. Let F' be continuous and transitive triangular map. Is it
true that for any non constant continuous map G commuting with F, the
map F o G is transitive? Can transitivity be replaced by another dynamic
property in such a way an analogous result is true?
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Problem 9.10. Assume F and G are commuting continuous triangular
maps. Is it true that Per(f) N Per(g) # 02 Note that, since these maps
have some common invariant measure, if both maps do not have infinite
w-limit sets, they have to share some periodic orbit which is the support of
the common invariant measure. So, if the property is false, the maps need
be dynamically complicated.

Problem 9.11. Find for continuous triangular maps analogous results to
Theorems 9.2 and 9.4. Note that triangular maps have periodic structure
similar to Sharkovsky’s interval result. So, this question makes sense.

Triangular maps have a one dimensional first coordinate maps, and
hence, the problems are expected with the second coordinate. Notice
that any x € I generates a non-autonomous discrete system fi o =

(92, 9f(2)> 92(z)> ---)» Where g.(y) = g(z,y) for all (z,y) € I. Working
with such non-autonomous discrete systems is extremely complicated and
so, we do not have any reasonable conjecture.
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10.1. Introduction

Iterated function systems (IFSes) are a particular case of multi-valued dy-
namical systems with contracting transformations, they take a special place
among dynamical systems. IFSes represent the field of fractal geometry and
thus combine both the simplicity of original construction and the richness
of inner structure of their attractors which are, in some sense, self-similar
sets. IFSes are of big practical and theoretical interest in coding and data

175
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reduction theory, computer graphics, modeling of natural objects, and in
more abstract fields such as metric theory of numbers.

Particularly, we are interesting to IFSes given by pairs of complex linear
maps. Such IFSes were first considered by Barnsley & Harrington [1985]
together with the Mandelbrot set M for pairs of linear maps. Since that
time these objects have been studied by Barnsley [1988], Bousch [1993],
Indlekofer et al. [1993,1995], Solomyak [1998], Bandt [2002], Solomyak &
Xu [2003], Solomyak [2005], Bandt & Hung [2008].

The current paper investigates the structure of attractor of pair of linear
maps by computing its code structure, a new notion presented by Barnsley
[2005, 2006]. Some open questions are listed in the end of this paper.

10.2. Iterated Function System

Hutchinson [1981] revived the idea of multi-valued functions and their in-
variant sets and proposed a simple approach to use this idea in clear and
efficient way. Using his construction Barnsley & Demko [1985] and Barns-
ley [1988] developed the notion of Iterated Function System (IFS) and its
applications, especially in building of fractal sets.

IFS {X;f;: X = X,j =0,...,m} consists of a complete metric space
X and a finite family of contracting maps f; acting on it. Such dynamical
system possesses its attractor — an invariant nonempty compact set A =
U;":O fi(A) € X. One can also obtain the attractor A by iterating maps
f; applied to an arbitrary initial nonempty compact set (for instance single
point z € X):

A= U nll_}n;o for 0 foy 0. .0 fo ()
0=0103...€Q
where Q = {0,1,...,m}" — is the set of sequences of symbols 0, 1, ..., m.

Most of the investigations in the field of IFSes deal with the case when
all f; are similitudes on R™. In this case, the attractor consists of its scaled-
down copies on every level of scale and thus usually it is a self-similar set
with non-integer Hausdorff dimension.

Due to self-similarity of their attractors and simplicity of basic imple-
mentation rules (or axioms) IFSes are successfully used to model many nat-
ural objects such as boughs of trees, mountain landscapes, blood-vascular
system, lungs, etc. In computer graphics 1IFSes help drawing fascinating
fine pictures with multitude of details replicating themselves on each level
of scale down to infinity (see [Barnsley, 1988]). To produce these objects
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(or images) with intricate structure one just needs to know the maps f;
which often can be represented with a few bits of information. For instance
plenty of desired attractors on the plane are given by IFSes consisting of
affine maps, and each of these maps can be coded by 6 real numbers. Thus,
it is enough to store just 6m numbers to produce fine pictures, using fast
iterative algorithms. However there is an open question applicable to coding
and data reduction theory: how to find efficiently affine maps which yield
given picture as their attractor (see [Fisher, 1995]).

An example from metric number theory is the so-called S-expansions
(introduced by Rényi [1957)) and problem of infinite Bernoulli convolutions
connected to them (see Sec. 6.7 for more details). For § € (0, 2] a sequence
o =0001... € Q={0,1}"is called the B-expansion of z € [0, 1] if

o0
v=) 087
j=1

Estimation of all S-expansions of point x as well as finding a unique top
B-expansion (or top address, see Sec. 10.4) are connected to consideration
of the IFS {[0,1]; ¢o(z) = qz,¢1(z) =qz+1—¢,5 < g = % < 1}

Finally, we recall some facts about the Hausdorff dimension dimg of
attractor A (see [Hutchinson, 1981] for more details). Fix n € N, k > 0
and let H* be k-dimensional Hausdorff measure:

o0 o0
’Hk(E) = supinf {Z(diamEi)k . EcC U E;, diamE; < 6} , ECR"
620 i=1 i=1
A number dimg > 0 is called the Hausdorff dimension of A if H*(A) = oo
for any oo < dimpy and H*(A) =0 for any « > dimy.
Suppose f;: R™ — R"™ are similitudes with contraction ratios 0 < r; <1,
then the similarity dimension of A is a number D derived from the equation

m

D _
dYorP=1
i=0

and if r; =r for j =0,...,m, then

Do _ In(m+1)

Inr
It is rather simple to estimate dimg(A), when A is a self-similar set. This
means that f; are similitudes with 0 < HY™m# (A) < oo and zero Hausdorff
measure of each intersection of overlapping pieces: HY™M# (fi.(A)N f1(A)) =

0(,k=0,...,m,1l#k). In this case dimy (A4) = D.
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To ensure that pieces of A do not overlap too much it is enough to check
Open Set Condition (OSC). IFS satisfies OSC if there exists a non-empty
open set V' C R"™ such that

W) Uy (V) €V,

2) )N AV) =0if k£ 1L.

If OSC holds, then A is self-similar set and dimy(A4) = D. In [Bandt &
Rao, 2007] there are also other useful equivalent statements of OSC (there
exist weaker statements as well).

10.3. Attractor of Pair of Linear Maps

A pair of linear maps on C defines the iterated function system
{C;f07f1: C— C}v

filz) =qz+1
where ¢ € C, 0 < |g|] < 1, is a fixed parameter. This IFS possesses its
attractor - nonempty compact subset A C C such that fo(A4) U f1(A) = A.
This article concerns an approach to investigation of attractor A by means
of code structure.

These are the most general properties we need to know about attractor
A:

A is a centrosymmetrical set [Bandt, 2002];

e A is connected whenever D(q) = fo(A)N f1(A) # 0 [Barnsley & Harring-
ton, 1985];

o If D(q) = () then A is a Cantor set?;

e There is a continuum of such values of ¢ that the set D(g) consists of 2"
elements for any n = 0, 1, ... and continuum of such values of ¢ that D(q)
is a Cantor set with Hausdorff dimension g for any 8 € (0,0.2] [Bandt &
Hung, 2008];

e Attractors of IFSes {C; fo(2) = ¢z, f1(2) = qz+1} and {C; fo(2) = qz+a,
ﬁ(z) =gqz+b,a,b € C,a # b} are similar. This lets us consider only the
former IF'S;

e Fig. 10.1 shows some “typical” views of attractor A.

aBy Cantor set (with parameter r € (0,0.5)) we denote a set, homeomorphous to the
attractor of IFS {R; So(z) = rz, S1(x) = rx + 1}. This attractor is a perfect nonempty,
compact metrizable and totally disconnected topological space. Under the Brouwer
theorem (see [Kechris, 1995]) a Cantor set is characterized by these conditions up to
homeomorphism.
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Fig. 10.1. Attractors of IFS (1): A(q1), g1 = 0.596 + 0.2547 (on the left) and A(q2),
g2 ~ 0.367 + 0.520 (on the right).

A Mandelbrot set M for pairs of linear maps is the set of values of pa-
rameter ¢ € C such that the attractor of IFS (10.1) is connected [Barnsley
& Harrington, 1985]. The properties of this set together with many inter-
esting discussions about it can be found in the cited literature, see also the
last section of this paper.

10.4. Code Structure of Pair of Linear Maps

In order to investigate the structure of the attractor more thoroughly, we
apply to this IF'S a new notions of top addresses and code structure proposed
in [Barnsley, 2005-2006]. Let Q and Q* be correspondingly the sets of
infinite and finite sequences of zeroes and ones (we will use bold Greek
letters for them): o = {0y}, 0, € {0,1}, k = 00 or k € N, and let
|o|] = k 4+ 1 be the length of sequence o € Q* (we also consider “empty”
sequence with zero length). Let Qf = {o € Q* : |o| = n} and by ow =
00 ... 0|g|—1wWow1 - - - We denote the concatenation of sequences w € € and
o€ Q*. Besides let 0" =070, 0 =00...and fsy. .0,(2) = fo,0...0
fou (2.

Consider 2 endowed with metric dg and linear ordering “<” as follows:
let o,w € Q and k be the least number such that oy # wg, then

o< W< o > Wk

do(o,w) =27F
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and dq(o,w) = 0 whenever 0 = w (see details in [Barnsley, 2006]). The
set  is called code space associated with given IFS. It is known that €2 is
compact complete metric space homeomorphic to the Cantor set [Barnsley,
1988].

Let m: Q — A be a surjective continuous address mapping from code
space onto the attractor A, defined by the formula:

m(0) = lm fo 0, (2) (10.2)

where the limit is not dependent on x € C [Barnsley, 1988, pp. 127].
In our case of IFS (10.1) address mapping has the following form [Barns-
ley & Harrington, 1985]:

m(o) = org® (10.3)
k=0

Indeed, one can derive Eq. (10.3) by passing to the limit in the following
formula which is easily obtained by induction method: for any n € N,
ceQ, zeC

n—1
forona(2) ="z + > ong"
k=0

Note that 7: Q@ — A is injective if and only if D(q) = fo(4) N f1(A) =0
(such IFS is called totally disconnected). In this case, the attractor A is a
Cantor set [Barnsley, 1988, pp. 147]. We note that from the computabil-
ity theory point of view it is undecidable to test if a given IFS is totally
disconnected [Dube, 1994].

Following Barnsley [2005-2006] we note that the set® 771(z) = {0 €
Q| w(o) = x} of addresses of z € A is closed and bounded by 0 € Q from
above. Therefore, it contains the greatest element 7(x). Thus, we obtain
the function of top addresses 7: A — Q and 7(z) = max{o € Q| n(0) = z}
is a top address of x € A. Let Q, = {7(x)] x € A} C Q be the set of all
top addresses for a given IFS.

A code structure [Barnsley, 2006] is the following set of subsets of §2
(here the line over 2, denotes the closure):

C={n"Y2)NQ, :zc A}

The goal of this paper is to consider the code structure for the given
IFS (10.1).

bFor x € A we write 7~ !(z) instead of 7~ ({x}).
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It is clear that if D(¢) = 0, then 7 is injective and 0, = Q, thus
C={r"Yz):2€ A} = {{w}| weQ}.

Now we consider the case when D(gq) consists of 2™ elements, m =
0,1,..., or when D(q) is a Cantor set. As it was shown in [Bandt & Hung,
2008] each of these cases takes place for appropriate continuum of values of
q.

We call address w € Q of x € A symmetrical to address o € Q of y € A

ifwg =1—o0g forall k=0,1,.... Thus, we denote by w =7 and wy = T%.
Indeed, the points 2 and y are symmetrical relative to the point z = ﬁ
because the symmetry mapping s(z) = —z + (1 — ¢)~! turns x into
o0 o0
s(@) =s(rw) ==Y wd* +(1—q) ' =) (1-wp)g" =m(0) =y
k=0 k=0

Let D(q) = fo(A)[) f1(A). The structure of this intersection is studied in
[Bandt & Hung, 2008], and we will use arguments similar to this paper.

If D(q) # 0, then arbitrary point = € D(q) has at least two addresses:
B=181...and a = 0a .... These addresses fulfil the equation

7(B) = m(@) =1+ > (Br —ar)g" =0 (10.4)
k=1
By denoting uy = Bx — ag, ux € {—1,0, 1} we obtain:
(oo}
Zuqu =0,up=1 (10.5)
k=0

If we solve this equation with respect to uy (for given fixed ¢), we can
restore all possible addresses of all points of D(q). Indeed, if uy = 1, then

Br =1, ap =0; if up = —1, then 8, =0, ap = 1; if up, = 0, then two cases
are possible: By = ar =1, B = ai = 0.
Consider u = 1lw;0w20w30. .., where w; are words made of symbols

{-=1,1} (probably empty or infinite). Then using Eq. (10.4) we obtain
D(q) = {n(a)| o = 0w1v1l0v2 ..., v; € {0,1}}
= {7(B)| B = 1w niwavs ..., v €{0,1}}, (10.6)
where (ﬂji)j =1if (wi)j = —1and (ﬁ}i)j =0if ('LUZ')]‘ = ].,j = 07 ey |wi|—1.
Lemma 10.1. D(q) is centrosymmetrical.

Proof. Since A is symmetric, two different addresses of arbitrary point of
D(q) correspond to their two different correspondent symmetrical addresses
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of symmetrical point (probably coinciding with original point) thus also
belonging to D(q). a

Henceforward in this section we suppose that Eq. (10.5) has unique
solution u. Examples of such values of ¢ can be found in Sec. 10.5 and

two of them are depicted on Fig. 10.1 with D(q) = {2(1 q)}

Theorem 10.1. If there are m > 0 zeroes in w, then D(q) consists of 2™
different points z;. Each point z; possesses exactly two addresses: o =
0w v1Wavs . .. and B = 1W1v1Wavs . .

Proof. 1If up = 0 for finite set of indices k = ki,...,kn, m > 0 only,
then D(q) consists of 2™ (probably coinciding) points z; with their pairs
of addresses (3¢, a%) (if m = 0, then uy # 0 for any k). We will show that
zi # zj, i,j = 1,...,2™ (i #j). Suppose the contrary, let 3° # 37 both
represent the same point, and these sequences differ from each other not
more than in m positions. Then

a(m)

r(8') - m(57) = Z ard®

where ap € {0,£1}, and a(m) is the maximal position index of differing
symbols in 3" and 37. Let ay, be the first non-zero coefficient (if all oy, = 0,
then ' = B7). We divide the equality by az,q" and thus obtain that the
Eq. (10.5) has a solution u with infinite number of zeroes, which contradicts
the assumption of the theorem. O

The following theorem and its proof are due to Bandt & Hung [2008),
however we place it here for the sake of completeness.

Theorem 10.2. If ux = 0 for infinite number of indices k = k1 < ko < ...
and kp+1 — kn > 2 for n big enough, then D(q) also consists of infinite
amount of points and all possible addresses a = Oz ... corresponding to
u give us different points z € D(q). FEvery point of D(q) has exactly two
addresses.

Proof. Let us show that a # o implies w(a) # 7w(o/). Let w =
0wy v1 ... Wy, @ = WlWy41Vpg1 ... and @' = WOWp41v), 1 .... Suppose
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that 7(«) = m(a’), then we obtain:

7(a) — ()

o0 o0
=q" + Y (vp—up)g =g (1 + > (- U;)q’“”’“"> =0
p=n+1 p=n+1
From the uniqueness of u it follows that ux # 0 is possible only when
k=kp—kn, p=n+1,.... Thus, the difference of sequence numbers of
consecutive non-zero elements in u is greater than 2 when k is big enough.
Then the difference of sequence numbers of consecutive zeroes in u is not
greater than 2. It contradicts the assumption of the theorem. O

Note that in this case D(q) is a Cantor set [Bandt & Hung, 2008], and the
authors state that the proof can be made without the assumption k41 —
kpn > 2. Thus, we conclude that every point z = w(0wiv1Wavs ...) € D(q)
can be denoted by z, = 2zy,0,... (Vv € Q or v € Q*). Recall that we use the
notation fo = fs,0...0f5,, 0 =00...0n.

Lemma 10.2. For any 0 € Q* (¢ # 0) and for any 21,22 € D(q)
fo(z1) # 22.

Proof. Let fy(z1) = 22 and let the point z; have two addresses 8 and a.
Then the point zo has at least three different addresses: o, ca and one
beginning with &7. This contradicts Theorems.10.1-10.2. |

Corollary 10.1. For any o,w € Q* (0 # w and o,w # 0) and for any
21,22 € D(q) , fo(21) # fu(z2).

Proof. Let o = 0¢...0n, W = wo...Wm, m < n. Since fo, o, (21) &
D(q) for any k = 0,n, (k + 1) symbol in the address of the point f,(z1)
is uniquely defined and equal to o (k = 0,n). Thus, the addresses of the
point f,(z1) begin with the word 0. We can say the same about addresses of
point f,,(z2): they begin with the word w. Assuming that f,(z1) = fu(22),
we obtain w, = 05, s = 0, m. Then, either m = n, which contradicts our
settings, or fs,. ..o, (21) = 22, which contradicts Lemma 10.2. O

Then, we can represent the attractor in the following way:

A=w| |l U U H&]|=w|]v

2€D(q) c€Q*

where W = {z € A| x # fo(2), 0 €Q*, z€ D(q)},V=A\W, || means
disjoint union. Points from W have unique addresses which are at the same
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time top addresses. Points from V have exactly two addresses. Therefore,
code space can be written as follows:

) vy =t L[ U U T (fe(20)

veQ oEN”

:7T_1(W)|_| U U {00@11]1@2112...,0’161’01621}2...}

veQ oEQ®

where ) = 0 in case when D(q) is finite, and Q = Q in the opposite case
(Q =10, if D(q) = 0).

Henceforward we use the notation A° for Int(A) - interior of A, A for
Clos(A)- closure of A, and A€ for complement of A.

Lemma 10.3. (7= 1(V))° = 0.

Proof. We denote ' = 7—1(V). Assuming the contrary and let £ € F
and F' D B(&,27%) = {p| da(¢&, p) < 2=*+DY — an open ball of radius 2%,
where k is an arbitrary large natural number.

If D(q) is finite, then F is countable, whereas B(£,27%) is continuum,
which is a contradiction.

If D(q) is infinite we consider two addresses ¢ = x1...2,_10% and
0 =a1...05-1(10)®, ¢, € B(&,27F). Since B(£,27%) C F, then using
Eq. (10.6) we obtain ¢ = caw = 00wy v1Wavs . ... Which implies w; =0...0
(0 < |w;| < oo zeroes) for big enough i € N. Also note that |w;| =
kiy1 —k; —1 > 1 when ¢ is big enough.

Similarly, ¢ = o'’ = o’0wivjwavs ..., which implies that |w;| < 1,
beginning with some big enough j € N. This leads to a contradiction with
our assumptions. (Il

Corollary 10.2. If D(q) # 0, then V=W = A, V° = W° = ().

Proof. First we show that V° = (. If V° # (), then there exists a point
x € V and its open neighbourhood U(x) C V. Then 7= (V) D> 7=} (U(xz))
is an open set, since address mapping 7 is continuous. This contradicts
Lemma 10.3. Secondly, we show that V' = A. Let 21 € D(q). An arbitrary
point W 5 x = w(0) = nh_}rrgo foo...0n(21) can be approximated by points
Tn = foo..0n(21) €V (see Eq. (10.2)). Since A is closed, V = A. Consider
the topological subspace A C C: W =V¢ =V == A, W° = W =
(Weye = (V)e = A¢ = (). O
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Lemma 10.4. Q, = Q.

Proof. Again denote F' = 7=(V). Since F© C €, then F°° = F¢ C Q..
However F° = (), which implies Q = F°° C Q. O

Lemmas.10.3-10.4 imply that either when the solution u of Eq. (10.5) is
unique, or when D(q) = 0, the following theorem holds true.

Theorem 10.3. Code structure for IFS (10.1) is as follows:

C={nYz):z¢c W}|_| U U {r(fo(2))}

z€D(q) o€Q*

={n " (z xEW}U U U{w (fo(z0))}

veQ oEQ*

={n " Yx): 2 e W} |_| U U {{o0W1v1Wavs . . ., ol v1Wavs . .
veh TR

~

where Q) = Q. if D(q) is finite, and Q= Q in the opposite case (Q =0 if
D(q) = 0).

10.5. Sufficient Conditions for Computing the
Code Structure

We specially consider the case when D(q) is a singleton (consists of one
element). Since A is symmetrical with respect to point Z = ﬁ, then

D(q) ={Z}.

Lemma 10.5. If D(q) = Z, then ux, # 0, k = 0,00, where u = uguy ... s
a solution of Eq. (10.5).

Proof. Suppose that there exists & > 0 such that uj, = 0. Then the
point Z possesses two addresses a = Oulv and o = O0ulv, u € QZ—l’

v € Q. Then n(a) — w(a)) = ¢" = 0, which contradicts lg| > 0. O

Lemma 10.6. If D(q) = {2(1—17(1)}, then the Eq. (10.5) has unique solution
u.
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Proof. Suppose that the Eq. (10.5) has two solutions u and u’. Each
solution corresponds to two addresses

B=whpfpr1... and B =wB B, ;...
of the point Z, where w € Q*, [w| =p > 1, B, =1, B, = 0. Thus

ww%ww3=f+§jwwﬁmf=¢<L+EjWmewﬂ>=a
n=p+1 n=p+1

Since By — B, € {0, £1}, then 1(Bp11 — By11)(Bpt2 — Bpyz) - - - is a solution
of the Eq. (10.5). Thus, 8x — 0, # 0 if k = p+1,.... And this means
that if o = By118p42. .., then B, 18, 5 = 7. Thus, B = wo, f/ = w7,
Symmetrical address 5/ = wWo is also an address of the point Z. Therefore,
the following equation should hold true:

p—1
7(B) = m(F) =D (wr —@r)g" =0
k=0
Since wy — Wy # 0, we have obtained a solution of Eq. (10.5) which contains
zeroes (infinite number) and this contradicts Lemma 10.5. O

We note here that Solomyak [2005] proved more general result: u is unique
in cases when D(q) consists of 1 or 2 elements. This Lemma helps finding
unique solutions of Eq. (10.5) and corresponding ¢ graphically, by drawing
attractors with PC and writing down and solving equivalence between two
addresses of point Z. However, usually it is not easy to verify the uniqueness
of solution u (for given value of q).

Now using the argument from [Bandt & Hung, 2008] and [Solomyak,
2005] we show how to prove the uniqueness of u for some ¢. For this
purpose we shall need the following a Lemma due to Bandt & Hung [2008]
(we omit the proof of it).

Lemma 10.7. Let q and u satisfy Eq. (10.5). Let U be simply connected
neighbourhood of q. Then there exists m € N such that for any other
u = luy... unul, ... there exists ¢ € U satisfying Eq. (10.5).

Consider the following set:
W = {q € Clargq € (20°;25°), |¢q| € (0.59;0.66)}

We note that 20 3 ¢ =~ 0.596+0.254i - the root of the equation 2¢3—2¢-+1 =
0 corresponding to u' = 11-11°°. By Lemma 10.7 there exists such minimal
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mo such that for any u = 1-1-11"0u;, . 5 ... the solution of the Eq. (10.5)
lies in 2. Now consider the set

D

g(z):l—z—z2+Zvjzj v; = 1 for j < max{9,my + 2}

and v; € {—1,0,1} for other j, in addition  (v;,v; #1) = |t —j| > 9

Lemma 10.8. For any g € © there exists ¢ € 2 such that g(q) = 0 and
Eq. (10.5) has unique solution w. All such values of q are different.

Proof. Using Lemma 10.7 it is enough to verify the uniqueness (this will
imply that all g are different). We use the idea of argument from [Bandt

& Hung, 2008]. Fix g € ®, g(q) = Y uxg® = 0. Let u’ be another
E=0

solution of Eq. (10.5), and p(q) = 3 u}¢® = 0. Then g(q) — p(q) = 0.

k=0
kofl o0
Let p(q) = > urg®+ Y upq®, ug, # uj,, and ko > 1 be the least such
k=0 k=ko

number. Then

9(q) —plq) = qko (Uko - U;CO + Z(uk+k0+l - u;c+ko+1)qk> =0

k=1
U, — UL e
0 q . Z(uk+ko+1 — U yho41)d" =0 (10.7)
k=0
Uk, — U Ukl — U e
Lk L 1N (Unkor2 — Up gy 12)d" =0 (10.8)
q q k=0
Let S(a) be imaginary part of complex number a € C. We note that
0.43
(gt 23 lsin25° > ——— > —0.73
S(¢7) = —lal"3(g) > —lg|™" sin 059
0.63
(%) = —|q|*S(¢?) < —|q|%sin40° < ~ 0592 <-18

max 3(¢") < max{0.66 sin 25, 0.662 sin 50°, 0.66 sin 75°, 0.66 sin 80°,
k=1,6

0.66° sin 100°, 0.66° sin 120°} < 0.334
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and S(¢*) > 0 if k =1,6. Also if ¢, € {—2,0,1,2}, then

o0
R} (Z quk> Z ckg”
=7

Therefore, taking into account the structure of the set @, if ug, —uj, <0
(uk, € {=1,0}, ug, —uy, € {—1,-2}) 7 of the first coefficients of the series

o0

<22|\’“ |<o33

> (Ukgkot2 — Upy g 42)q" are nonnegative and
k=0

l oo
Uky — Uy Uko+1 — uk +1
Cx 0 0 / k
> < @ + + Z Uktko+2 — Wkt o+2)4
k=0

>1.8-2-0.73-0.33 > 0.01
and if ug, — uj, >0 (ug, €{0,1}, ug, — ujp,, €{1,2}), then among the first 6
coefficients of the series > (Ugtko+1 — U§€+k0+1)qk there are not more than

k=1
one negative and

3 (w —up, + Z(Uk+k0+1 - u;m“)q’“) >1-2-0.334 —0.33 > 0.002

k=1
which contradicts Eqgs. (10.7)—(10.8). |
Corollary 10.3. Let ¢ € 20, g € D, g(q) = 0, and u be the solution of
ko—1 [es)
the Eq. (10.5) corresponding to q, p(q) = Y. wurd®+ > ulq®, up, # up,
k=0 k=ko

uy, € {—1,0,1}, and ko > 1 is the least such number. Then
[p(a)] > 0.002]q|*.

Proof. Using the argument of the proof of Lemma 10.8, we obtain:

o0

/ k
E Uk+ko — Uk+k0)q

k=0

oo
(Z (Wt ko — U%+ko)qk>

> min{0.002,0.01|¢|?}|g|™ = 0.002|q|*. O

p(Q)] = [p(q) — 9(a)] = ||

> |q|*

Corollary 10.4. Let g; ~0.596 4 0.254i be a root of equation 2¢> —2g+1 =
0. Then the Eq. (10.5) has unique solution u' = 1111°°.
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Note that if there are exactly m > 0 zeroes among the coefficients of
g € ©, then the set D(q) consists of 2™ elements, and if there is infinite
number of zeroes, then D(q) is not countable (more precisely, it is a Cantor
set [Bandt & Hung, 2008]). In both cases any such ¢ corresponds to unique
word u. Thus the condition of uniqueness for the solution u of the Eq. (10.5)
is not too much strict. Let dimpg(A) be the Hausdorff dimension of the
set A C C. Note that for any 0 < |g| < 1 [Barnsley & Demko, 1985]
dimg (A) < —IL“é'. If the attractor A is not connected (fo(A)N f1(A) = 0),
then

In2

(10.9)
If A is connected (¢ € M (the Mandelbrot set)), then it is not always easy
to estimate dimgy(A). Bandt & Rao [Bandt & Rao, 2007] showed that
if fo(A) N f1(A) is finite but not empty, then “open set condition” (OSC)
holds true. This condition is important for calculating Hausdorff dimension
of fractals (in our case OSC means that there exists bounded open set
V' C C such that fo(V)U fi(V) C V, fo(V)N fi(V) = 0 [Moran, 1946]).
In [Bandt & Rao, 2007] there are also other useful equivalent statements of
OSC. When OSC is fulfilled Hausdorff dimension coincides with “similarity
dimension” (see [Hutchinson, 1981]) and can be calculated by Eq. (10.9).
Some reasoning to use Eq. (10.9) in case when D(g) is not countable can
be found in the following result:

Lemma 10.9. If ¢ € 20, g € D, g(q) = 0, then for IFS (10.1) OSC holds
true.

Proof. We use the method invented in [Bandt & Hung, 2008]. In-
deed, Bandt & Graf [1992] proved that OSC holds true if and only if the
identity mapping is not a limit point of set of mappings f,!f,, where
x> m € N v # wp. It is also shown in

that paper that our mappings are parallel translations:

V=V Uy = W1 ...Wm € Q

m

1
o) =24 g(%‘ —vj)=z+ ZES/)

Jj=1

m’—1

where p(q)= > bjq’ is a polynomial of degree b; € {—1,0,1}, bpe {—1,1},
=0

1 < m' < m. We need to show that the lengths of vectors of parallel
translations are bounded from below by positive constant. Indeed, using
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the corollary from Lemma 10.8, we obtain

p@)| _ l9(e) —p(9)l

- —2L > 0.002]g[*~™ > 0.002
qm g™

where g(q) = > urg® =0, ko <m’ (since b; = 0, and u; # 0 if j > m').
k=0

Denote

PB={qeM FgeD: g(q)=0}CcC, P#0

Recall that if the solution u of Eq. (10.5) is unique, then A = W ||V,
where W consists of points of attractor having exactly one address, and
V' consists of points of attractor having exactly two addresses. Besides
V' = U.ep(g) Usea- fo(2). Now we summarize the results from Theorem
10.3 and Lemmas 10.8 and 10.9.

Theorem 10.4. If Eq. (10.5) has unique solution u, then the code structure
for IFS (1) is as follows:

C={r"(@):zeW} [{="'():2 eV}

If g € B, then Eq. (10.5) has unique solution u and for the IFS (10.1) OSC
holds true.

Note that the structure of the set {7~ !(x) : # € V'} is given more precisely
in Theorem 10.3. Note also that D(g) = 0 implies C = {{w}| w € Q}.
Another example of g, for which Eq. (10.5) has unique solution u and for
IFS (10.1) OSC holds true is g2 ~ 0.36740.520i (the root of 1—q+¢*>+2¢> =
0, in this case u? = 14(111111)°°, see [Bandt & Hung, 2008]). Numbers ¢;
and go are special for they lie on the boundary of the Mandelbrot set M (see

[Bandt, 2002]). Fig. 10.1 shows attractors A(q;) and A(ge) of IFS (10.1)

when ¢ = ¢1 and ¢ = ¢a correspondingly, D(q) = {2(1—1—(1)} Therefore

dimpr(A(q1)) = logy,, | 0.5 ~ 1.596, dimp (A(q2)) = log,,| 0.5 ~ 1.535.

10.6. Conclusion and Open Questions

We would like to formulate some open questions concerning the attrac-
tor A(g) and the Mandelbrot set associated with the given IFS (10.1).
Some of these questions were asked in profound papers by Bandt [2002]
and Solomyak [2005].

Problem 10.1. We recall that the Mandelbrot set for pairs of linear maps
is a set of values of parameter ¢ € {q € Cllq| < 1} for which attractor
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A(q) of IFS (10.1) is connected. This set was established by Barnsley &
Harrington [1985]. Their paper showed that M is symmetrical with respect
to the real and imaginary axes and

<l <1y cMc{1/2<lg <1}

Bousch [1993] proved that M is connected and even locally connected.
Bandt [2002] showed that M is not simply connected: there exist holes
in it. Solomyak [2005] and Bandt & Hung [2008] found uncountable num-
ber of values of q for which D(q) is a singleton: D(q) = {1/(2 — 2q)} (in
this case (see [Bandt & Keller, 1991]) attractor A(q) is a dendrite: it is
connected, nowhere-dense compact set in R? with connected complement).

Thus, the open question proposed by Bandt [2002] is as follow:

o Is the set M\ R regular-closed, that is the closure of its interior: M\R C
clos(int(M))?

This problem stays open, though Solomyak & Xu [2003] proved this state-
ment for some special neighbourhood of the imaginary axis.

Problem 10.2. Since both intervals [—1,—0.5] and [0.5,1] lie in M, it is
natural to ask

o What is the smallest real r > 0 in the closure of M\ R?

Barnsley € Harrington [1985] proved r > 0.53. Solomyak [1998] showed
that r > 0.649. With the help of computer figures Bandt [2002] states that
r /2 0.6685 > 2/3 and that calculations near the real axis become extremely
time-consuming.

Problem 10.3. What is the point of minimum modulus in M\ R? Bandt
[2002] and Solomyak [2005] notice it is possible that such point is situated
near gz ~ 0.367 4 0.520i (a zero of 1 —z+2%2+22% =0) — a tip of a spiral
sprout part in M.

Problem 10.4. Barnsley [1988] and Bandt [2002] noticed a resemblance
between local structure of M near its boundary and corresponding attrac-
tor A(q), they asked if this connection can be made rigorous. Solomyak
[2005] claims that there is much closer resemblance of M to the attractors
A'(q) of the IFS consisting of three contractions {qz — 1,qz,qz + 1} and
proves asymptotic similarity of M to K(q) for some ‘landmark’ points of
M. However the general question is still exists.
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e How does D(q) change with changing ¢ € M?

Problem 10.5. We have showed that if D(q) is a singleton, then there
is a unique solution u of Eq. (10.5). There are some known values of
q € OM being in some sense ‘landmark’ points of M: q1 ~ 0.596 + 0.2544,
g2 =~ 0.367+0.5204, g3 = 0.290+0.5861, g4 ~ 0.636+0.107i (see [Solomyak,
2005]). The corresponding sets D(q;) are singletons. For qs = 0.574+0.369¢
and go ~ 0.622 + 0.188¢ the number of elements in D(q) is 2, for q7 =~
0.644 + 0.1417 4t is 4. Thus it is interesting to know

e [s it true that D(q) is finite for “most points” ¢ € OM?
o What is the connection between q € OM and uniqueness of solution u?

Problem 10.6. In the present paper we analyzed the case when the solution
u of Eq.(10.5) is unique. The more complicated case is left to consider, in
it every point of D(q) can possess 2F addresses, k = 0,1,... and k depends
on number of solutions u and on numbers of zeroes in them. Despite this
complexity it is still possible that Q, = Q. Thus we left the question

e Describe code structure in the case when the solution u is not unique.

Problem 10.7. Let us consider particular case, when g € (0,1) C R. For
every such q consider the image of the Bernoulli product probability measure
on Q with P(0) = P(1) = 1 under the projection m. The resulting measure
v, is called Bernoulli convolutions. In more details, if pp = (%, %)N 1s the
Bernoulli measure on 2 = {0,1}N, then

(o]
vg=pom b, where w(o)= Zaqu, o€
k=0

vq can also be interpreted as the distribution of Z,;“;O o1q", where numbers
or € {0,1} are chosen independently with probability %, Vg is the infinite
convolution product of %((50 + d4r). It also can be viewed as self-similar
measure (see [Hutchinson (1981)]) for the IFS {qx, qz+1} with probabilities

11
(57 §)
There are many interesting questions connected to this measure in har-
monic analysis, algebraic numbers theory, dynamical systems, Hausdorff

dimension estimation. The most famous is the question of Wintner and
Erdés which stays open since 1935:

e Describe all values of g for which this measure has a density function.
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Jessen & Wintner [1935] showed that v, is either absolutely continuous, or
purely singular, depending on ¢. Kershner & Wintner [1935] proved that

Vg is singular for ¢ € (0,1), Wintner [1935] found that v, is uniform on

[0,2] for ¢ = 1. Finally, Erdésh [1939] showed that v, is singular when g is
the reciprocal of a Pisot number. Since that time and until now there are
no more known values of g, for which v, is singular. Thorough discussion
on this theme can be found in [Peres et al., 2000].
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Chapter 11

Recent Advances in Open Billiards with
Some Open Problems

Carl P. Dettmann
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Much recent interest has focused on “open” dynamical systems, in which
a classical map or flow is considered only until the trajectory reaches a
“hole”, at which the dynamics is no longer considered. Here we consider
questions pertaining to the survival probability as a function of time,
given an initial measure on phase space. We focus on the case of billiard
dynamics, namely that of a point particle moving with constant velocity
except for mirror-like reflections at the boundary, and give a number of
recent results, physical applications and open problems.

Keywords: Open dynamical systems, survival probability, mathematical
billiards.

Contents

11.1 Introduction . . . . . . . ... oL 195
11.2 Closed Dynamical Systems . . . . . . . . .. ... . ..o 196
11.3 Open Dynamical Systems . . . . . . . .. .. ... . .o 199
11.4 Open Billiards . . . . . . . . . . . . . e 204
11.5 Physical Applications . . . . . . . . . ... 210
11.6 Discussion . . . . . . . . . . oo e e 213
References . . . . . . . . 215

11.1. Introduction

A mathematical billiard is a dynamical system in which a point particle
moves with constant speed in a straight line in a compact domain D C R?
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with a piecewise smooth® boundary D and making mirror-like® reflections
whenever it reaches the boundary. We can assume that the speed and mass
are both equal to unity. In some cases it is convenient to use periodic bound-
ary conditions with obstacles in the interior, so R? is replaced by the torus
T<. Here we will mostly consider the planar case d = 2. Billiards are of
interest in mathematics as examples of many different dynamical behaviors
(see Fig.11. 1 below) and in physics as models in statistical mechanics and
the classical limit of waves moving in homogeneous cavities; more details
for both mathematics and physics are given below. An effort has been made
to keep the discussion as non-technical and self-contained as possible; for
further definitions and discussion, please see [Chernov & Markarian, 2006;
Demers & Young, 2006; Gaspard, 1998; Gutkin, 2003]. It should also be
noted that the references contain only a personal and very incomplete selec-
tion of the huge literature relevant to open billiards, and that further open
problems may be found in the recent reviews [Bunimovich, 2008; Demers
& Young, 2006; Nonnenmacher, 2008; Sinai, 2010; Szédsz, 2008].

The structure of this paper is as follows. In Secs. 11. 2 and 11. 3 we
consider general work on closed and open dynamical systems respectively.
In Sec. 11.4 we consider each of the main classes of billiard dynamics, and
in Sec. 11.5 we consider physical applications. Sec. 11.6 returns to a more
general discussion and outlook.

11.2. Closed Dynamical Systems

In this section, we introduce some notations for mathematical billiards, as
well as informal descriptions of properties used to characterize chaos in bil-
liards and more general systems, with pointers to more precise formulations
in the literature. Much relevant work on open systems applies to chaotic
maps different from billiards, so this notation is designed to be applicable
both to billiards and to more general dynamical systems. A readable intro-

2The amount of smoothness required depends on the context; an early result of
Lazutkin [Lazutkin, 1973] required 553 continuous derivatives, but recent theorems for
chaotic billiards typically require three continuous derivatives except at a small set of
singular points [Bunimovich & Grigo, 2010] while polygonal billiards and most explicit
examples are piecewise analytic. For an attempt in a (non-smooth) fractal direction, see
[Lapidus & Neimeyer, 2009].

PThat is, the angle of incidence is equal to the angle of reflection. Popular alternative
reflection laws include that of outer billiards, also called dual billiards, in which the
dynamics is external to a convex domain, see for example [Dolgopyat & Fayad, 2009],
and Andreev billiards used to model superconductors [Cserti et al., 2009]; we do not
consider these here.
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Fig. 11.1. Geometry vs. dynamics. An integrable elliptical billiard (top left and center)
has two types of regular motion depending on the initial condition, a dispersing diamond
(top right) is chaotic, a defocusing stadium (bottom left) is intermittent, with orbits
switching between regular and chaotic motion, and a mushroom (bottom center and
right) is mixed, with regular or chaotic motion depending on the initial condition. Apart
from the ellipse, all these are constructed from circular arcs and straight lines; many other
examples with more subtle dynamical distinctions exist. See Sec. 11.4 for discussion of
all these cases.

duction to the subject of (closed) billiards is given in [Tabachnikov, 2005]
with more details of chaotic billiards in [Chernov & Markarian, 2006].

Below, | - | will denote the size of a set, using the Lebesgue measure of
the appropriate dimension.° We denote the dynamics by ®f : Q — Q for
either flows (including the case of billiards) or maps. For flows we have
t € R while for maps we have t € Z. ®! also naturally acts on subsets
A C Q. For non-invertible maps and ¢ < 0, action on points is undefined,
but action on sets gives the relevant pre-image. The phase space 2 for
the billiard flow consists of all? particle positions ¢ € P and momentum
directions p € S ! except that we need an extra condition to make ®*
single-valued at collisions: For definiteness assume that p points toward
the interior of D if ¢ is at the boundary.

¢All sets are assumed to be measurable with respect to the relevant measure(s).

d Billiard dynamics cannot usually be continued uniquely if the particle reaches a corner,
so strictly speaking we need to exclude a zero measure set of points that do this at some
time in the past and/or future. Another barrier to defining ®¢ is where there are infinitely
many collisions in finite time; [Chernov & Markarian, 2006] states conditions under which
this is impossible, roughly that for d = 2 there are finitely many corners, and focusing
(convex) parts of the boundary are sufficiently (C3) smooth, have non-zero curvature,
and do not end in a cusp (zero angle corner). This is the case for almost all billiards
considered in the past; exceptions may be interesting to consider in the future.
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For many calculations it is more convenient to put a Poincaré section on
the billiard boundary (or other convenient hypersurface for general flows),
thus considering the Birkhoff map F™ : M — M describing n € Z collisions,
and acting on a reduced phase space M consisting of points z € 9D and
inward pointing p. The map and flow are related by the “roof function”, the
time 7 : M — R to the next collision, so that F(x) = ®7(*)(z) for x € M.

We now mention a few® properties used to describe the chaoticity of
dynamical systems; more details including subtle differences between flows
and maps can be found in [Chernov & Markarian, 2006]. A hyperbolic
map is one where the Lyapunov exponents (exponential expansion and
contraction rates of infinitesimal perturbations) \; are all non-zero almost
everywhere, and in the flow case there is a single zero exponent associ-
ated with the flow direction. For a uniformly hyperbolic system the rele-
vant statement is true everywhere, with uniform bounds on the exponents
and associated constants. For smooth uniformly hyperbolic (Anosov) sys-
tems the dynamics is controlled by unstable and stable manifolds in phase
space corresponding to the positive and negative Lyapunov exponents re-
spectively, yielding Sinai-Ruelle-Bowen (SRB) invariant measures smooth
in the unstable directions, and dividing phase space into convenient en-
tities called Markov partitions. Hyperbolicity that is nonuniform and/or
non—smooth has similar properties, but requires more general and detailed
techniques [Barreira & Pesin, 2007].

For ergodic properties we choose an invariant measure’ ;. For billiards
there are natural “equilibrium” invariant probability measures puq and pay.
wq is given by the usual (Lebesgue) measure on the phase space Q, and s
is given by the product of measure on the boundary and the components
of momentum parallel to the boundary. For example, in two dimensions
dun = ds dp)/(2|0D|) = cosvy ds dip/(2|0D]), where s is arc length,
p| is momentum parallel to the boundary and ¢ is angle of incidence,
that is, the angle between the momentum following a collision and the
inward normal to the boundary. For integrable billiards such as the ellipse
of Fig. 11.1, this is one of many smooth invariant measures defined by
arbitrary smooth functions on the level sets of the conserved quantity, while
for ergodic billiards such as the stadium or diamond of Fig. 11.1, it is the
only smooth invariant measure.

©¢The properties mentioned are those commonly discussed in the literature of open dy-
namical systems including billiards, and tend to be measure theoretic rather than topo-
logical.

fThat is, u(®~*tA) = u(A) for any A C Q and any ¢ (positive for non-invertible maps).
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Given an invariant measure p, recurrence is the statement that p-almost
all trajectories return arbitrarily close to their initial point; it is guaranteed
by the Poincaré recurrence theorem if p is finite as above. FErgodicity
is the statement that all invariant sets have zero or full measure, which
implies that time averages of an integrable phase function are for almost
all (with respect to p) initial conditions given by its phase space average
over pu. Mixing is the statement that the p-probability of visiting region
A at time zero and B at time t are statistically independent in the limit
[t|] — oo for sets A, B C . There is an equivalent statement in terms
of decay of correlation functions such as found in Eq. (11.9). Stronger
ergodic properties are Kolmogorov mixing (K-mixing) and Bernoulli. We
have Bernoulli = K-mixing = mixing = ergodicity = recurrence.

Further statistical properties build on the above. These include rates of
decay of correlation functions for mixing systems and moderately regular
(typically Holder continuous) phase functions and central limit theorems for
time averages of phase functions. See [Bélint & Melbourne, 2008; Barreira
& Pesin, 2007; Chernov & Zhang, 2009] for a discussion of recent results in
this direction.

Finally, the Kolmogorov-Sinai (KS) entropy hxs is a measure of the
unpredictability of the system. For a closed, sufficiently smooth map with
a smooth invariant measure it is equal to the sum of the positive Lyapunov
exponents (if any); this is called Pesin’s formula, and has been proved for
some systems with singularities including billiards. All K-mixing systems
have hggs > 0.

Note that many of these descriptors of chaos are logically independent.
In the case of billiards, open problem 11.6 conjectures that polygonal bil-
liards may be mixing, but they are certainly not hyperbolic, having zero
Lyapunov exponents everywhere. The recently proposed “track billiards”
[Bunimovich & Del Magno, 2009] are hyperbolic but not ergodic or mixing.
The stadium of Fig. 11.1 and the section below on defocusing billiards is
Bernoulli [Chernov & Markarian, 2006] but has slow decay of correlations
[Barreira & Pesin, 2007] and a non-standard central limit theorem [Bélint
& Gouésel, 2006].

11.3. Open Dynamical Systems

Open dynamical systems are reviewed in both the mathematical [Demers
& Young, 2006] and physical [Altmann & Tél, 2009] literature. Most
of the mathematical studies of open dynamical systems have considered
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strongly chaotic systems, such as piecewise expanding maps of the interval
or Anosov (uniformly hyperbolic) maps in higher dimensions. Note that
there are a variety of conventions used in the literature to describe open
systems.

An open dynamical system contains a hole H C Q at which the particle
is absorbed and no longer considered. H may have more than one connected
component (several “holes”), and may be on the boundary (ie a subset of
M) or in the interior, but should be piecewise smooth and of dimension
one less than  for flows, and of the same dimension as (2 for maps. Here
we allow a particle to be injected at the hole, so it is absorbed only when
it reaches the hole at strictly positive time. If we denote by €2; the subset
of 2 that does not reach the hole by time ¢,

Q={xeN:®(x) ¢ H, Vse(0,t]} (11.1)

a typical question to ask is that given a set of initial conditions distributed
according to some probability measure pg at time ¢ = 0, what is the proba-
bility P(t) = uo(€2:) that the particle survives until time ¢? How does this
probability behave as a function of ¢, the initial measure pg, the hole loca-
tion H, its size relative to the billiard boundary h = |H|/|M| (for general
maps, |H|/|?|), and the shape of the billiard D?

In mathematical literature [Lopes & Markarian, 1996; Petkov & Stoy-
anov, 2009] the term “open billiard” has been used to incorporate addi-
tional conditions. In terms of our notation the outer boundary of D is a
strictly convex set forming the “hole” through which particles escape; D
also excludes three or more strictly convex connected obstacles in its in-
terior satisfying a non-eclipsing condition, that is, the convex hull of the
union of any two obstacles does not intersect any other obstacles. This
ensures that there is a trapped set of orbits that never escape, hyperbolic
and with a Markov partition, leading to a relatively good understanding
[Eckhardt et al., 1994; Gaspard, 1998; Lopes & Markarian, 1996; Petkov &
Stoyanov, 2009; Sjostrand, 1990]. Billiards satisfying these conditions will
be denoted here as “non-eclipsing” billiards.

For strongly chaotic systems (including the Anosov maps mentioned
above and dispersing billiards with finite horizon discussed below) we ex-
pect that P(t) decays with time as described by an (exponential) escape
rate

¥ = — lim %mP(t) (11.2)

t—o0
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which exists and is independent of a reasonable class of initial measures
o5 We recall that ¢t corresponds either to discrete or continuous time
depending on the context, with (the more physical) continuous time implied
for billiards except where otherwise stated.

We now discuss conditionally invariant measures; see also [Demers &
Young, 2006]. The renormalized evolution ®%; of the initial measure g is
defined by its action on sets A C

fo(2~*(A) N Q)
po(S2)

It is easy to check that ®%; satisfies the semigroup property ®%; o®t, = @‘;}H
for non-negative s and ¢. If y; approaches a limit po, at which &%, is
continuous (in a suitable topology), this limit is conditionally invariant, ie
DY f10o = pioo for all ¢ > 0, and gives the escape rate

pe(A) = (@rp0)(A) =

(11.3)

oo () =77t (11.4)

also for all ¢ > 0.

[Kaufmann & Lustfeld, 2001] makes the important point that for open
systems, conditionally invariant measures of ® (projected onto M) and F,
while supported on the same set, are generally not equivalent measures,
even when the roof function 7 is smooth, in contrast to the closed case. In
other words escape properties of the flow do not follow trivially from those
of the map. For billiard calculations, it is usually best to work first with
the collision map F' (projecting any interior holes onto the collision space
M), then try to incoporate effects of the flow. For incorporation of flow
effects in proofs of statistical properties of closed billiards, see [Barreira &
Pesin, 2007; Chernov & Markarian, 2006; Balint and Melbourne 2008] and
in calculation of escape rates and averages of open systems, see [Bunimovich
& Dettmann, 2007; Gaspard, 1998; Lan, 2010].

Discussion in [Demers & Young, 2006] demonstrates that conditionally
invariant measures can have properties similar to the SRB measures of
closed hyperbolic systems, for example being smooth in the unstable di-
rection. For non-invertible maps the measures satisfying the property of
conditional invariance can however be highly non-unique.

The conditionally invariant measure i, is supported on the set of points
with infinite past avoiding the hole, however most of these points reach the

8In [Demers & Young, 2006] some examples are given where existence is shown for g
equivalent to Lebesgue with density bounded away from 0 and oco; this condition is
probably too restrictive.
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hole in the future. There is an invariant set of points never reaching the
hole in past or future called the repeller; the natural invariant measure on
this set is defined by the limit

v(A) = lim " oo (AN Q) (11.5)

t—o0

Pesin’s formula generalizes in the open case to the “escape rate formula”
[Demers & Young, 2006; Gaspard, 1998]

¥ = Z Ni — his (11.6)

:2; >0

where the quantities on the right hand side are defined with respect to v.

The escape rate formula has very recently been shown for a system that is
not uniformly hyperbolic [Bruin et al., 2010], however there is wide scope
for further development both in maps without uniform hyperbolicity and
in flows.

Problem 11.1. How general is the escape rate formula, Eq. (11.6)?

There has been a very recent explosion of interest in the mathemat-
ics of open dynamical systems [Bunimovich & Yurchenko, 2010; Demers
et al., 2010; Keller & Liverani, 2009; Petkov & Stoyanov, 2009], again
mostly restricted to strongly hyperbolic maps as above. In [Bunimovich &
Yurchenko, 2010; Keller & Liverani, 2009] it is shown that v/h can reach a
limit, the local escape rate, as the hole shrinks to a point, and that the limit
depends on whether the point is periodic. For example consider the map
f(z) = 2z (mod 1) and a point z of minimal period p so that fP(z) = z,
together with a sequence of holes H,, of size h,, and each containing z, with
corresponding escape rates v,. Then there is a local escape rate
A = JLI%OZ—: —1-27" (11.7)
If the point z is aperiodic, then A, is equal to 1. For more general 1D maps,
the 277 is replaced by the inverse of the stability factor |(d/dx)fP(x)| at
x = z and the invariant measure of the map (uniform in the above example)
needs to be taken into account.
This and related results are, however available only for piecewise ex-
panding maps and closely related systems, although “it is conceivable that

hProofs of the escape rate formula typically replace the sum of Lyapunov exponents by
the (more general) Jacobian of the dynamics restricted to unstable directions. For two
dimensional billiards, at most one Lyapunov exponent is positive.



Recent Advances in Open Billiards with Some Open Problems 203

in the near future this result could be applied e.g. to billiards.” [Keller
& Liverani, 2009]. The very recent work [Demers et al., 2010] on the pe-
riodic Lorentz gas, a dispersing billiard model (see below) shows that ~
(defined with respect to collisions, not continuous time) is well defined for
sufficiently small holes, corresponding to a limiting conditionally invariant
measure that is independent of the initial measure for a relatively large
class of the latter, also that v — 0 as h — 0, but does not say anything
about y/h. This leads to the open problem:

Problem 11.2. Local escape rate: Proof of a formula similar to Eq. (11.7)
for sufficiently chaotic billiard models.

Note that the holes typically considered in billiards, consisting of a set small
in position but with arbitrary momentum,' include phase space distant from
any short periodic orbit contained in the hole. Following the discussion
in [Bunimovich & Dettmann, 2007], the effects of the periodic orbit may
then appear at a higher power of the hole size, compared to the above
piecewise expanding map, so for example the formula might look something
like v = h + h%y2 + O(h?®) with 42 depending on properties of the shortest
periodic orbit contained in the hole. Also note (see open problem 11.4
below) that if there is a local escape rate, P behaves like e=*="*, in other
words like a function of the combination At in this limit. Another important
question posed in this work is that of optimization: how to choose a hole
position to minimize or maximize escape, for example v or even the whole
function P(t) [Afraimovich & Bunimovich, 2010; Bunimovich & Yurchenko,
2010].

Problem 11.3. Optimization: Specify where to place a hole to mazimize
or minimize a suitably defined measure of escape.

In the above papers, slow escape is related to placing the hole on a short
periodic orbit or on the part of phase space with the lowest “network load.”
The main question is how these criteria generalize to open dynamical sys-
tems (including billiards) with distortion, nonuniform hyperbolicity or no
hyperbolicity.

As will become clear below, the existence of an exponential escape rate
v and nontrivial conditionally invariant measure o is only expected in

INote that other possibilities occur in applications (Sec.11.5): Escape for trajectories with
sufficiently small angle of incidence but at any boundary point is relevant to microlasers,
and escape with probability depending on the boundary material is relevant to room
acoustics.
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fairly special cases: there are many systems including billiards with slower
(or occasionally faster) decay of the survival probability. For some systems
with slower eventual decay of P(t), a cross-over from approximately ex-
ponential decay at short times to algebraic decay at late times has been
observed numerically [Altmann & Tél, 2009]. We now turn to our main
focus, that of open billiards, returning to general open dynamical systems
in the applications section.

11.4. Open Billiards

Now we consider open billiards, categorized according to dynamical proper-
ties of the corresponding closed case. The initial measure p for an open bil-
liard is normally given by the equilibrium measure for the flow or Poincaré
map, o or pps respectively. An alternative is to consider injection at the
hole by a restriction of the equilibrium measure, in other words transport
through the billiard; in many cases this has little effect on the long time
properties [Altmann & Tél, 2009]. A few papers discussed here and in the
statistical mechanics section below consider billiards on infinite domains,
usually consisting of an infinite collection of non-overlapping obstacles. If
both the billiard and any hole(s) are periodic, this is equivalent to motion
on a torus; an example is [Demers et al., 2010]. However, if the billiard
is aperiodic, or the hole is not repeated periodically, the above definitions
break down because the equilibrium billiard measure is not normalizable.
The above definition of ergodicity makes sense using an infinite invariant
measure, but other properties including mixing and survival probability are
problematic. Also, the Poincaré recurrence theorem fails and so recurrence
properties need to be proved. One approach to defining P(¢) in the case of
a non-repeated hole might be to choose an initial measure py with support
in a bounded region, somewhat analogous to the finite (but rather arbi-
trary) outer boundary of the domain D chosen for non-eclipsing billiards
above.

Integrable billiards: A few billiards are integrable, i.e., perfectly reg-
ular, namely the ellipse, rectangle, equilateral triangle and related cases
[Tabachnikov, 2005]. In the integrable circle with a hole of angle 27h in the
boundary [Bunimovich & Dettmann, 2005], the leading order coefficient of
P(t) was obtained exactly; in particular the statement

1
lim lim A°~Y2(tP(t) —

fim Lim %) =0 (11.8)
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for all § > 0 is equivalent to the Riemann Hypothesis, the greatest unsolved
problem in number theory.j If instead both limits are taken simultaneously
so that ht is constant, the survival probability numerically appears to reach
a limiting function.

Problem 11.4. Scaling: For what billiards and in what limits does P(t)
reduce to a function of ht for a family of billiards with variable hole size h?

Polygonal billiards: The survey [Gutkin, 1996] gives a good introduc-
tion to polygonal billiards. A billiard collision involving a straight piece
of boundary is equivalent to free motion in an “unfolded” billiard reflected
across the boundary as in a mirror, using multiple Riemann sheets if the
reflection leads to an overlap. General polygonal billiards with angles ratio-
nal multiples of 7 can be unfolded into flat manifolds with nontrivial topol-
ogy and conical singularities (from the corners), called translation surfaces,
which are currently an active area of interest [Athreya & Forni, 2008]. In
such billiards each trajectory explores only a finite number of directions,
however with this restriction is typically ergodic but not mixing [Ulcigrai,
2009]. There has been recent progress on showing recurrence for infinite
rational polygonal billiards [Troubeztkoy, 2010; Gutkin, 2010].

Very little is known about the case of irrational angles [Jepps et al.,
2008; Valdez, 2009], except that usual characteristics of chaoticity such as
positive Lyapunov exponents are not possible here. We have the well known
open question [Schwartz, 2009]:

Problem 11.5. Ezistence of periodic orbits: Do all triangular (or more
generally polygonal) billiards contain at least one periodic orbit?

Note that this admits arbitrary directions; it is easy to construct rational
polygonal billiards for which a particular directional flow is never periodic.
Also, there are a number of cases including rational and acute triangles
for which periodic orbits can be explicitly constructed. Periodic orbits in
polyhedra are considered in [Bedaride, 2008].

Another open problem has the interesting feature that mathematical
literature conjectures that it is false [Gutkin, 1996], while physical literature
conjectures that it is true [Casati & Prosen, 1999]; recent work is found in
[Ulcigrai, 2009]:

J The Riemann hypothesis is the statement that all the complex zeros of the Riemann
zeta function, the analytic continuation of (s) = >-7° ; n~* lie on the line Re(s) = 1/2,
and is related to the distribution of prime numbers [Conrey, 2003].
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Problem 11.6. Mizing property: Is it possible for a polygonal billiard (nec-
essarily with at least one irrational angle) to be mizing?

There is very little work on open polygonal billiards given the paucity of
knowledge about the closed case. In [Dettmann & Cohen, 2000] it was found
numerically that P(t) decayed as C/t in an irrational polygonal billiard
where at least one periodic orbit was present, and vanished at finite time
in a directional flow for a rational polygonal billiard containing no periodic
orbits. So we have

Problem 11.7. Is the asymptotic survival probability P(t) as t — oo
in polygonal billiards entirely determined by the neighbourhoods of non-
escaping periodic orbits?

Dispersing billiards: Curved boundaries of billiards lead to focusing
(convergence) or dispersion (divergence) of an initially parallel set of in-
coming trajectories, depending on the sign of the curvature.X ! We have
already noted that one focusing billiard, the ellipse, is integrable; more
generally all sufficiently smooth strictly convex billiards are not ergodic
[Lazutkin, 1973]. However there are a number of other classes of billiards
which are not only ergodic, but have much stronger chaotic properties, to
which we turn; [Chernov & Markarian, 2006] provides a good introduction
and [Sinai, 2010; Szasz, 2008] recent reviews.

Beginning with the Sinai billiard [Sinai, 1970] which used a convex ob-
stacle in a torus to ensure that all collisions were dispersing, there have
been many new constructions of chaotic billiards and techniques to prove
stronger statistical properties of existing billiards. For smooth dispersing
cases such as Sinai’s billiard, ergodic properties now include the Bernoulli
property. The theory is technical due to singularities in the dynamics, re-
quiring additional techniques for more difficult classes of singularity: All
dispersing billiards have trajectories tangent to one or more parts of the
boundary; perturbed trajectories either miss that part of the boundary en-
tirely, or collide with an outgoing perturbation proportional to the square

k7Zero curvature, ie inflection points and similar, can be problematic; see footnote d. The
main exception is where part of the boundary is exactly flat. A class of billiards allowing
some inflection points that has been studied in detail is that of semi-dispersing billiards
[Chernov & Simdnyi,2010, Szész, 2008].

In three or more dimensions the curvature at a boundary point generally depends on
the plane of the incoming trajectory; this phenomenon is known as astigmatism and
causes difficulties in the theory, hence many results are weaker and/or require additional
assumptions; see for example [Bélint & T6th, 2008, Petkov & Stoyanov, 2009].
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root of the incoming one, that is, infinite linear instability. In addition,
the boundary may contain corners, in most cases leading to discontinuities
in the dynamics. In the case of cusps (zero angle corners) the number of
collisions near the cusp in a finite time is unbounded. A further complica-
tion occurs in motion on a torus if some trajectories never collide (“infinite
horizon condition”),™ due to an accumulation of singularity sets near such
orbits. Proof of exponential decay of correlations of the billiard map was
possible using Young tower constructions of the late 1990s which generalize
the concept of a Markov partition, but exponential decay of correlations for
the flow is still conjectured; recent results for advanced statistical proper-
ties and treatment of continuous time may be found in [Barreira & Pesin,
2007; Chernov & Zhang, 2009] and some open problems in [Szdsz, 2008].
An example of a dispersing billiard with corners is the diamond shown
in Fig. 11.1. This was the numerical example in [Bunimovich & Dettmann,
2007], where the exponential escape rate 7 as above can be expanded in
powers of the hole size h using series of correlation functions, as can the
differential escape rate of one vs two holes. For example, the expression for
the latter, following a derivation that is far from rigorous but consistent
with numerical tests, is
R :
VAB =74 +78 - oy ST {(wa)(FToup)) + ... (11.9)

j=—o00

where A and B label the holes, 7 is the time from one collision to the
next, u is a zero mean phase function (that is, (u) = 0) equal to —1 on
the relevant hole and h7/(7) elsewhere, angle brackets indicate integration
with respect to normalized equilibrium measure on the billiard boundary
war, and F'is the billiard map. The omitted terms have third or higher
order correlations, and are expected to be of order h? as long as A and B
do not contain points from the same short periodic orbit. Convergence of
the sum over j follows from sufficiently fast decay of correlations, which do
not need to be exponential. An extended diamond geometry was used as a
model for heat conduction in [Gaspard & Gilbert, 2008].

Problem 11.8. Glive a rigorous formulation of the escape rate of dispersing
billiards with small holes along the lines of Eq. (11.9).

™In the context of infinite billiards, there has recently been proposed a “locally finite
horizon condition”, in which all straight lines pass through infinitely many scatterers,
but the free path length is unbounded, see [Troubeztkoy, 2010]. Here it is also assumed
that the minimum distance between obstacles be bounded away from zero.
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Dispersing billiards, which include the non-eclipsing billiards defined
above, also provide a likely setting for solving the open problems in Sec.
11.2.

Defocusing and intermittent billiards: In addition to the dispersing
billiards, strongly chaotic billiards may be constructed with the defocusing
mechanism of Bunimovich, in which trajectories that leave a focusing piece
of boundary have a sufficient time to defocus (ie disperse) before reaching
another curved part of the boundary; for a recent discussion see [Buni-
movich & Grigo, 2010]. In this case there are difficulties due to “whisper-
ing gallery” orbits close to a focusing boundary with finite but unbounded
collisions in a finite time. Some concepts and results can be derived from
the Pesin theory of non—uniformly hyperbolic dynamics [Barreira & Pesin,
2007; Chernov & Markarian, 2006].

An example of a defocusing billiard is the stadium of Fig. 11.1; note
that while it is ergodic and hyperbolic, the presence of “bouncing ball”
orbits between the straight segments leads to intermittent quasi-regular
behavior, leading to some weaker statistical properties, so for example while
the system is mixing, decay of correlations is now C/t for both the map and
flow, leading to a non-standard central limit theorem with vnlnn (rather
than y/n) normalization [Balint & Gouésel, 2006; Barreira & Pesin, 2007].

The open stadium has been considered in [Armstead et al, 2004;
Dettmann & Georgiou, 2009]; this is a good model for intermittency due
to “bouncing ball” motions between the straight segments. The first paper
discusses scaling behavior associated with evolution of measures at long
times and small angles close to the bouncing ball orbits, while the sec-
ond finds an explicit expression for the leading coefficient of the survival
probability

lim ¢p(t) = BR3 D@+ h)* +(a—ho)”)

11.10
t—o0 4(4a + 27r) ( )

for a stadium with horizontal straight segments z € (—a,a) containing a
small hole for z € (hy,h2) with —a < h; < ha < a, and semicircles of
radius r. Note that this approaches a constant as h ~ hy — hy — 0, thus
demonstrating an example where fixed ht is not a correct scaling limit
(compare open problem 11.4).

The stadium is the most famous defocusing billiard, but many of its
properties are due to the intermittency arising from the bouncing ball or-
bits, or more generally a family of marginally unstable periodic orbits,
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rather than the defocusing mechanism per se; defocusing billiards need not
have such orbits [Bunimovich & Grigo, 2010]. One source of interest and
also difficulty with the stadium is the fact that orbits that leave the bounc-
ing ball region are immediately reinjected back, with an angle that is ap-
proximately described using an independent stochastic process [Armstead,
et al., 2004]. Other reinjection mechanisms are possible, depending on the
properties of the curvature of the boundary approaching the end points of
the bouncing ball orbits. In some cases small changes of the boundary of
a stadium lead to a breakdown of ergodicity [Grigo, 2009], which of course
will also affect relevant escape problems.

Problem 11.9. Give a comprehensive characterization of the dynami-
cal (including escape) properties of marginally unstable periodic orbits in
stadium-like billiards in terms of their reinjection dynamics.

Mixed billiards: Typical billiards are expected to have mixed phase
space, that is, chaotic or regular depending on the initial condition, in
a fractal hierarchy according to Kolmogorov-Arnold-Moser (KAM) theory
[Broer, 2004]. Much remains to be understood about this generic case;
it has been conjectured [Altmann & Tél, 2009; Cristadoro & Ketzmerick,
2008] that in the case of area preserving maps the long time survival proba-
bility associated with stickiness near the elliptic islands decays as t~* with
a universal a = 2.57.

Problem 11.10. Is there a universal decay rate in generic open billiards?

One fruitful line of enquiry has been the introduction of mushroom billiards
by Bunimovich; these have mixed phase space, but with a smooth boundary
between the regular and chaotic regions. See Fig. 11.1 and [Bunimovich,
2008]. The chaotic region of most of these is intermittent (“sticky”) due
to embedded marginally unstable periodic orbits [Andreasen, et al., 2009],
however an example of a non-sticky mushroom-like billiard was given in
[Bunimovich, 2008]. The decay of the survival probability in the case that
the hole is in the chaotic region may be significantly slowed both by sticki-
ness due to marginally unstable periodic orbits, and by the boundary itself.”

Problem 11.11. Characterize the escape properties of the boundary be-
tween reqular and chaotic regions in mushroom and similar billiards.

"Recent unpublished result of the author in collaboration with O. Georgiou.
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11.5. Physical Applications

Statistical mechanics: One important application of billiards is that of
atomic and molecular interactions, for which steep repulsive potential en-
ergy functions can be approximated by the hard collisions of billiards. A
system of many particles undergoing hard collisions corresponds to a high
dimensional billiard. This type of billiard is described as semi-dispersing
since during a collision of two particles the other particles are not affected,
so there are many directions in the high dimensional collision space with
zero curvature; however there has been recent progress in demonstrating er-
godicity (conjectured by Boltzmann); see [Chernov & Simdnyi, 2010; Szész,
2008]. Note, however, that ergodicity may be broken by arbitrarily steep po-
tential energies approximating the billiard [Rapoport & Rom-Kedar, 2008]:

Problem 11.12. For physical systems with many particles which are
predominantly chaotic, how prevalent and important are the regular re-
gions (“elliptic islands”) in phase space? [Broer, 2004, Bunimovich, 2008,
Rapoport € Rom-Kedar, 2008].

Systems of many hard particles have also been instrumental in the discovery
of a fascinating connection between microscopic and macroscopic dynami-
cal effects, that of Lyapunov modes, although later found in systems with
soft potentials; for a review see [Yang & Radons, 2009]. There are many
other connections between dynamics in general and statistical mechanics
[Dettmann, 2000; Marconi et al., 2008].

Low-dimensional billiards imitating hard-ball motion are popular for un-
derstanding statistical mechanics, particularly Lorentz gases consisting of
an infinite number of convex (typically circular) scatterers and the Ehren-
fest gases consisting of an infinite number of polygons [Dettmann, 2000;
Gaspard, 1998; Marklof & Strombergsson, 2010]. Infinite periodic arrays in
these models are equivalent to motion on a torus and can be treated using
similar techniques to those of equivalent finite billiards [Demers et al., 2010;
Gaspard & Gilbert, 2008]. However, very little has been proven about the
more physically realistic models with randomly placed non-overlapping ob-
stacles [Troubeztkoy, 2010]. There is numerical evidence for some statistical
properties corresponding to a limiting Weiner (diffusion) process in some
Ehrenfest gases [Dettmann & Cohen; 2001, Jepps et al., 2008].

Problem 11.13. What are minimum dynamical properties required for a
chaotic macroscopic limit, for example recurrence, ergodicity, a normal dif-
fusion coefficient, a limiting Weiner process?
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While most of the above work pertains to closed systems (albeit on large or
infinite domains), it is worth pointing out that the “escape rate formalism”
[Dettmann, 2000; Gaspard, 1998] relates escape rates in large open chaotic
systems to linear transport properties; note that the escape rate is also
related to other dynamical properties by Eq. (11.6). A final problem for
this topic:

Problem 11.14. What experimental techniques might best probe the limits
of statistical mechanics arising from the previous two open problems?

Quantum chaos: Billiards correspond to the classical (short wavelength)
limit of wave equations for light, sound or quantum particles in a homoge-
neous cavity. The classical dynamics corresponds to the small wavelength,
geometrical optics approximation. Semiclassical theory uses properties of
this classical dynamics, especially periodic orbits, as the basis for a sys-
tematic treatment of the wave properties (eigenvalues and eigenfunctions
of the linear wave operator). Comparisons are also made with the predic-
tions of random matrix theory, in which the spacing of eigenvalues of many
quantum systems follows universal laws based only on the chaoticity and
symmetries of the problem [Poli et al., 2009].° Billiards are both necessary
for calculating properties of wave systems and a testbed for semiclassical
and random matrix theories. A useful survey of quantum chaos, includ-
ing open quantum systems, is given in [Nonnenmacher, 2008]; note that
semiclassical approaches are also relevant to non-chaotic systems such as
polygonal billiards [Hassell, et al., 2009].

An important recent development in open quantum systems has been
the fractal Weyl conjecture relating the number of resonances up to a partic-
ular energy to fractal dimensions of classically trapped sets. Following [Lu
et al., 2003] we recall that a quantum billiard is equivalent to the Helmholtz
equation (V2 +k?2)y = 0 with a Dirichlet condition 1 = 0 at the boundary,
the eigenvalues k are labelled k,, and are real. In this case Weyl’s law gives
a detailed statement to the effect that the number of states with &, < k is
proportional to Vk® in the limit & — oo where d is the dimension of the
space; effectively this means that each quantum state occupies the same
classical phase space volume.

If the billiard is open, for example consisting of a finite region containing
obstacles that do not prevent the particle escaping to infinity, the Helmholtz

°There are fascinating conjectures [Conrey et al., 2008] relating random matrix theory
and the Riemann zeta function of footnote j.
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equation has resonance solutions where k£ has negative imaginary part. We
have [Lu et al., 2003):

Problem 11.15. The fractal Weyl conjecture: The number of states with
Re(ky) < k and Im(k,) > —C for some positive constant C is of order
k4t where again k — oo and dg is the partial Hausdorff dimension of
the non-escaping set.

While open billiards of the non-eclipsing type have been under investigation
from the beginning [Sj6strand, 1990], the most progress to date has been in
simpler systems such as quantum Baker maps [Keating et al., 2008; Novaes
et al., 2009]. Recent work has also included smooth Hamiltonian systems
[Ramilowski et al., 2009] and optical billiards [Wiersig & Main, 2008].

Experiments and further applications: The case of microresonators
where light is trapped by total internal reflection is of interest for practical
applications in laser design; the hole then corresponds to a condition on mo-
mentum rather than position, and desired properties typically include large
Q-factor (small imaginary part of k) so that the pumping energy required
for laser action is small, together with a strongly directional wave function
at infinity. The earliest example of a circular cavity has large Q-factor due
to trapping of light by total internal reflection, but the symmetry precludes
a directional output, so a number of efforts have been made to modify the
circular geometry, using insight from classical billiards [Andreasen, et al.,
2009; Dettmann, et al., 2009; Pollinger, et al., 2009].

Other experiments of relevance have included microwaves, sound, atoms
and electrons in cavities at scales ranging from microns to metres. These
are aimed at demonstrating the capabilities of new experimental techniques,
testing theoretical results from quantum chaos, and laying the groundwork
for specific applications. Often modifications to the original billiard prob-
lem arise. For example, open semiconductor billiards can be constructed
by confining a two dimensional electron gas (2DEG) using electric fields.
In transport through such cavities, a weak applied magnetic field shifts the
quantum phases (hence conductance) while the classical orbits are effec-
tively unchanged, while a strong field also curves the classical orbits; also
the walls are likely to be described by a somewhat soft potential energy
function. For room acoustics, collisions involve a proportion of the sound
escaping, being absorbed, being randomly scattered, and being reflected
using the usual billiard law, depending on the materials at the relevant
point on the boundary. Relevant references may be found in [Bruin, et al.,
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2010; Dettmann & Georgiou, 2009; Heller, 2008; Weaver & Wright, 2010].
Open dynamical systems that are more general than billiards are important
for escape and transport problems in heat conduction [Gaspard & Gilbert,
2008], chemical reactions [Ezra, et al., 2009], astronomy [Waalkens, et al.,
2005] and nanotubes [Jepps, et al., 2008]. In these systems, open billiards
provide a useful starting point for an understanding of more general classes
of open dynamical systems.

Problem 11.16. Generalizations: Billiards with more realistic physical ef-
fects, for example soft wall potentials, external fields, dissipative and/or
stochastic scattering (at the boundary or in the interior) or time dependent
boundaries.

The possibilities are endless; for this reason, it is increasingly important
to carefully justify the mathematical and/or physical interest of any new
model.

11.6. Discussion

We conclude with a discussion of some problems that draw together many
classes of dynamics.

Problem 11.17. Exzact expansions: For a given open (generalized) billiard
problem, can the survival probability P(t) be expressed exactly, or at least
as an expansion for large t that goes beyond the leading term?

The most likely candidates for this problem are those billiards that are
best understood, the integrable and dispersing cases.

One feature that is common to all classes of billiards, classical and
quantum is the role of periodic orbits in the open problem. Periodic orbits
denote an exact recurrence to the initial state of a classical system, and so
contribute directly to the set of orbits that enter from a hole and return
there after one period. Periodic orbits may be of measure zero, but some
positive measure neighbourhood of a periodic orbit will be sufficiently close
as to have the same property. For (finite) billiards with no periodic orbits
the Poincaré recurrence theorem guarantees similar behaviour.

For an initial measure supported other than on the hole, periodic orbits
are relevant to the set of orbits which never escapes, and its neighbourhood
often determines the long time survival probability. This is seen in many
of the above sections, for integrable, other polygonal, chaotic and intermit-
tent billiards. There is substantial existing theory for calculating the escape
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rate v and other long time statistical properties (averages etc.) for hyper-
bolic systems, using either periodic orbits avoiding the hole [Lan, 2010] or
passing through the hole [Altmann & Tel, 2009], and also for semiclassical
treatments of quantum systems [Nonnenmacher, 2008].

Problem 11.18. Recurrence: Give a general description of how the escape
problem is affected by recurrences in the system (periodic orbits or more
general), in the vicinity of the hole and/or elsewhere, for systems with little
or no hyperbolicity.

Finally, a question posed in [Bunimovich & Dettmann, 2005] but for which
a systematic solution does not appear to exist in the literature:

Problem 11.19. Inverse problems: What information can be extracted
about the dynamics of a billiard from escape measurements? Can you “peep”
the shape of a drum? [Bunimovich & Dettmann, 2007, Kac, 1966].

The open problems we have considered vary from the long standing and
difficult (problem 11.5) to those arising very recently from active research
that may as quickly solve them (problem 11.2). Even the simplest of in-
tegrable systems, the circle, has unexpected complexity, while a rigorous
approach to hyperbolic billiards has a highly developed and technical the-
ory, and the study of polygons with irrational angles is in its infancy. It is
likely that progress will be made almost immediately on many of the prob-
lems in specific cases but that constructing reasonably complete solutions
in general dynamical contexts will be a active area of research for many
years. Finally, open billiards are interesting from a mathematical point of
view and also required for solving practical problems; this would appear to
be a particularly fruitful field for collaborations between mathematicians
and physicists.
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12.1. Introduction

DNA (deoxyribonucleic acid) is the molecule that contains the program-
ming code for building, maintaining, and altering living cells. The infor-
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mation in the genes encoded in DNA is transcribed into mRNA (messenger
ribonucleic acid) which is then translated to synthesize the proteins that
form physical structures and chemical reactions in the cell. But biology
is much more complex and adaptive than just such a linear feed-forward
chain. The DNA, mRNA, and proteins are all linked together in dynam-
ical interacting feedback networks, see [Liebovitch et al., 2010]. For ex-
ample, some genes make proteins, called transcription factors, that bind
onto DNA and increase or decrease the expression of genes. Some forms
of RNA, called micro RNAs, target and destroy mRNA sequences, so that
they are never translated into proteins. New technology can simultane-
ously measure the expression of tens of thousands of genes. Because of the
comprehensive amount of data that can now be collected these methods
are called “high throughput”technologies. They include the use of microar-
ray chips that have small pieces of DNA that can bind RNA to identify
which genes are being expressed, and real time polymerase chain reaction
methods that amplify and then quantitatively assess which RNA is being
expressed. Other new methods can also measure DNA-protein and protein-
protein interactions, see [MacArthur et al., 2009]. Therefore, in principle,
it should be possible to construct a graph of all these interactions, where
the nodes of the graphs are the genes and the edges between them are
the net result of all the DNA, RNA, and protein interactions that link
those genes together. Understanding the structure and dynamics of such
a gene-gene interaction graph would give us great insight into how biology
works and how best we could intervene in the network to restore the proper
function compromised by disease, see [Liebovitch et al., 2007]. However,
the limited information provided by current experimental methods is not
sufficient to determine the full structure and dynamics of this gene-gene
interaction graph. The open problems presented below ask what is the in-
formation about the gene-gene interaction graph that can be determined
from the experimental data of gene expression. To understand the problems
described above our approach uses the notion of attractors in dynamical
systems. Before stating the problems of this paper, we need to recall several
concepts.

12.2. Attractors for Flows and Diffeomorphisms

When studying the evolution of a specific system from the theoretical point
of view, we need to distinguish between continuous and discrete systems.
The former is often the flow of vector field A defined on a manifold M and
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represented by an ordinary differential equation of the form
x = F(x)
where x € M and F is a smooth function. The flow of X at the time ¢t € R
Xt M= M, x= X(x)

consists in taking the value of the solution of the above equation with initial
x at the time ¢.

It is sometimes not appropriate to model the evolution of a system using
the approach from ODE and discrete systems are used to model the system.
A discrete system is represented by a diffeomorphism

O: MM, x— P(x)

that is a one to one differentiable map from which its Jacobian at each point
is also invertible. It is well known that a flow is always a diffeomorphism.
However, on the same manifold, a diffeomorphism is not always the time
1 of a vector field. For instance if one considers an orientation reversing
diffeomorphism, such a situation cannot coincide with the time 1 of a vector
field on the same manifold. Another difference observed in many models in
biology, ecology and finance is when a vector field possesses a homoclinic
orbit, that is an orbit which is bi-asymptotic to a singularity. In the case
of a flow, if a point is homoclinic, then the whole orbit is also homoclinic.
This means that we have a least a curve that is included in the intersection
of the stable and unstable manifold. In the case of a diffeomorphism, this
generically does not occur and we observe tangle between the stable and
the unstable manifold.

For each system, the main interest is with stationary states, i.e., attrac-
tors. We say that a set A is an attractor for a vector field X if there is an
open set B D A called the basin of A such that for all y € B

tgrgc dist (Xt(y),A) =0

where ‘dist’ is the Hausdorff distance. When considering a diffeomorphism,
we say that A is a periodic attractor if there exists an integer p > 1 such
that

n— oo

lim dist (@”P(y),A) =0

forally € B.



222 L. S. Liebovitch and V. Naudot

Finding explicit solutions for an ordinary differential equation is very
hard in general. However, when concerning the same manifold, analyzing
the dynamics of a flow is often easier than analyzing the dynamics of a
diffeomorphism. In the next section we present a problem formulated by
means of a linear diffeomorphism.

12.3. Statement of the Problem

Let = be a vector whose elements are the expression levels of the set of
genes. At each time step n a function A describes how these genes interact.
Thus, 2,41 = A(z,,). These time steps are repeated many times, so that
from an initial state xg, the final state

lim A"(x0) = ay (12.1)

n—oo

Typically, only ¢ is known from the experimental data and both xzy and
A are unknown. (Sometimes, there may be some experimental data known
about a limited number of the time steps x,, which provides a further exten-
sion of the simplest form of this problem.) There is not enough information
to determine A from zy, see discussion below. But, that does not mean
that we have no information about A. The question is: What infor-
mation can we determine about A from just xy7 These properties,
for example, may include some of the group properties of the function A,
or the statistical properties of A. The really hard part of this problem is to
determine which are the properties of A that can be determined from the
corresponding properties of xy. In what follows, we present a discussion
to explain why this problem is hard to understand from the mathematical
point of view.

12.3.1. A First Attempt

The initial value x = zy is unknown and so that we may say that it can be
chosen randomly. This way we can analyze Eq. (12.1) for typical values of
o and ignore “exceptional cases”. For simplicity, we shall assume that the
field the matrix is written is the complex field C. We then identify A with
its matrix written in a given basis (e, ..., e,) and write A into its Jordan
form:

A=M"1'-D-M

where D = S[Id+N], S is a semi-simple matrix (i.e., diagonal in the present
context), and N is a nilpotent matrix, that is there exists m < n such that
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N™ = 0. Moreover, Id is the identical matrix and M is an invertible matrix.
Solving Eq. (12.1) amounts to solving
lim M~'-S"(Id+ N)"- M - 29 = x5

n—oo

Put
M- -xo =y, yr=M-zy.
The above equation takes the form

lim S™(Id + N)" - yo = yy (12.2)

n—oo

Observe that
(Id+ N)" =1d + N,

where N, is another Nilpotent matrix. From this consideration, it is clear
that in the statement of Eq. (12.1) the vector 2 ¢ is not arbitrary, but surely

xy € Im(S)

that is the range of the matrix S. We introduce the set of eigenvalues of S,
that is the element of S on the diagonal (counted with their multiplicity)

Spect(S) = {A1,..., A\n}
We can distinguish 4 difference cases.

[a] |A;| < 1: since [A;|™ — 0 as n — oo, this implies that the corresponding
entry for y; vanishes

[b] |A;| > 1 since |\;|™ — co as n — oo, this implies that the correspond-
ing entry for yo vanishes. In the case zp (and therefore yo) is chosen
randomly, we must exclude this case. This situation is possible only in
the case where we restrict the initial condition x¢ to a specific domain.

[c] |Aj] = €?™ where a € R\Q. In this case since the set

O, |men)

is dense in the unit circle, we do not have convergence of the sequences
(yn) and (z,,), therefore this case has to be rejected again.

[d] |A\;| = e*™ where a € Q\N. In this case we do not have convergence
of the sequences (y,) and (z,,). However, there exist an integer ¢ such
that \Y = 1 and as we will see in case [e], if we consider A? instead of
A, we may have convergence of the sequences (y,,) and (x,). In this
case, A™ will converge to a period attractor.
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Aj = 1. In this case we claim that the restriction of A on the corre-
sponding eigenspace is the identity. If not, then the restriction of A on
that space takes the form D(u) = u + N;(u) where u € C*, k being the
dimension of the eigenspace and NN; is a nilpotent matrix. Therefore
for all integer n we have

D™(u) = u+nNj(u) +P(Nj)(u)

where P(N) is a polynomial in the endomorphism N i.e.,
k—1
P(N;) = B;N;
=2

This means that starting by a vector ug that we have no convergence
of the sequence (u,) where u,+1 = D(u,) and since the components of
Uy, are components of y, we then conclude that the sequences (y,,) and
(z5,) do not converge unless N = 0.

From the considerations above and after re-ordering the eigenspaces, we

can conclude that the matrix D takes the form

~(1d,, 0
v=(e)

where Idy, is the identical matrix on C* and C' is a contraction matrix, i.e.,
there exists 0 < a < 1 such that

1C (W) < allull

We illustrate the above with the following examples.

12.

3.2. Exzamples

Example I. Take the following 2 x 2 matrix

»=(o0)

where o« = 1. It is clear that

10
lim D" =
oo (0 0)

Take now

(2
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A straightforward computation show that

15 — 14 35 — 35a 15 35
n __ -1, nn . _
At=MT DM <—6+6a —14—|—l5a) <—6 —14>

as n tends to oco. It is clear from this example that by taking different
initial vectors, we end up with different limits. For instance let us consider

the following vectors:
e = 1 eo = 0
1 0 b 2 1

with is example we clearly verify that

A (er) — (i56)

A7 (e3) — <fi)

Moreover, even if the limit exists, we cannot determine the value of «.
Finally the matrix M is unknown. To make the problem clearer let us start
with two additional specific examples.

but

Example II. Let A be the m x m adjacency matrix of the gene-gene inter-
action graph for m genes. Each element of A;;, which is 0 or 1, determines
if the gene j influences the gene i. At each time step x,,+1 = Az, and thus
the final expression state
: n
T§= nh_)rréoA (z0)

Given only x; we cannot determine the elements A;; of the matrix A. We
cannot even determine all the eigenvalues or eigenvectors of A. However,
perhaps surprisingly, we can determine some important properties of A. For
example, x5 is the eigenvector associated with the largest eigenvalue of A.
Moreover, [Shehadeh et al., 2006] showed through numerical simulations,
for some specific cases, that there is a relationship between the statistics
of the elements of A and the statistics of xy. Let the density of non-zero
elements in A be distributed uniformly in the rows of A, and the total
number of non-zero elements in each row be proportional to

( 1 /(=)

m—r
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where r is the row number. Then, for the graph defined by A, the in-degree
distribution g¢(k), that is, the number of nodes receiving incoming edges
from k nodes, has the power law form

g(k) < k™¢

This leads to a x5 whose probability density function, pdf(x), is a power
law, namely,

pdf () oc x4

where d is a function of c. These results were compared to the experimen-
tal data of mRNA expression as measured by Affymetrix microarray chips.
This was done by comparing the probability density function of the mRNA
levels on the chips with those computed from the attractors of the matri-
ces with different in-degree and out-degree distributions. Since these pdfs
are distributions with long tails, we compared the slopes of those tails, on
logarithmic-logarithmic plots, for both the experimental data and the com-
puted attractors. Comparison with the experimental data suggests that
¢~ d ~ 2, see [Shehadeh et al., 2006] for more details. Thus, the statistical
properties of the elements of A define a type of graph with certain a degree
distribution, which generates a certain statistical property in x, namely the
pdf (z). Again, the hard part of this problem is to define what properties of
A can be determined given only the resultant vector zy. Even for this sim-
plest case, where A is an m x m matrix, this problem is beyond the scope
of the usual matrix properties, such as eigenvectors or eigenvalues. There
are also computational issues as the total number of interacting genes m
is of the order of 40,000. The problem is to define relevant properties (e.g.
group, statistical, or other properties) that give us insight into the local
or global properties of gene interactions as evidenced only by the relevant
properties of the final state of the levels of gene expression. For example,
these statistical properties might be the probability density distribution of
the values of all the elements of the matrix, or of the elements in a row
or column, or the probability density distribution of all the non-zero ele-
ments, or of the elements in a row or column, or the higher moments of
such distributions in the whole matrix or in parts of the matrix.

Example III. If there are multiple experimental time series of the expres-
sion values as a function of time, then a set of basis functions can be
used to identify dynamic functional linkages in the network defined by the
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adjacency matrix A. For example, singular value decomposition, SVD, has
been used to identify limit cycles corresponding to harmonic oscillators from
the mRNA expression data in the cell mitotic cycle in yeast, see [Alter,
2006]. SVD provides a set of orthogonal basis vectors and their eigenvalues
that together span the details of the experimental data thereby summa-
rizing the details of the data. They showed that some of these eigenvalues
correlated with the activities of molecules previously identified to be the
oscillators whose period corresponds to the changes in the cell, the mitotic
cycle, as the cell makes copies of its internal constituents and then splits
into two daughter cells. These results were shown to be robust to the per-
turbations and experimental errors in the experiments. The relationship
of these basis functions to the other mathematical properties of A and
even more S0, to the other mathematical dynamical properties on A, is not
clear.

12.4. Experimental Information

For each of the specific problems described in the following section there
are three different cases which correspond to different amounts or types of
experimental data that may be available about z¢ (and also possibly z,

Case I. There is only one experiment, starting from unknown initial levels
of gene expression x, that converges to a known levels of gene expression
inzy.

Case II. There are multiple replications of the experiment (presumably
each with different unknown initial conditions of the levels of gene expres-
sion xg). Each experiment converges to the same levels of gene expression
xy, or the experiments converge to p different final levels of gene expres-
sion x}l}, .. .,xf,p}. These p attractors may represent some, or all, of the
possible attractors of the system.

Case III. The levels of gene expression z,, do not converge to a final
steady state and information is available at multiple time points x,, during
the course of the experiments. These time points, may or may not, fully
resolve the time behavior of the levels of gene expression. This case extends
the simplest form of the problem to broader issues about the dynamics of
this system.
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12.5. Theoretical Models of Gene Interaction

For all of the three cases described above, the problem is to determine what
properties of A can be determined from what properties of x (and also

possibly z,), when we make the following assumptions about the nature
of A.

Problem 12.1. Determine A where A is the Adjacency Matriz.
This model, often commonly used in systems biology, assumes that genes
influence each other through linear, additive interactions that do not depend
on the state of other genes. That is, the contribution of gene j to the
expression of gene i is proportional only to x; and the effect of all the other
genes on gene i is the sum of Ayjx;.

Problem 12.2. Determine A where A is a Nonlinear Function of
the Gene FExpression of Each Gene. Biochemical reactions are typ-
ically not linear functions and it is more likely that the contribution of
each gene j to the expression of gene i is a nonlinear function. A typ-
ical such function is that the rate of expression of x; is proportional to
a:;l/[l + (xj/wj0)"], where h is the Hill coefficient and xjo is a constant, if
gene j stimulates gene i, or 1/[1+ (x;/xj0)"] if gene j inhibits gene i. The
Hill coefficient is a way of describing the nonlinearity in a chemical reac-
tion. It describes how the amount of the product produced depends on the
amount of the reactants in the chemical reaction. For typical biochemical
reactions the Hill coefficient is in the range [1,4].

Problem 12.3. Determine A where A is a Nonlinear Function
of the Gene Expression of Multiple Genes. Experimental evidence
demonstrates that biology is often “context dependent”, mamely, that the
effect produced by the binding of any one molecule A on molecule B is in-
fluenced by the presence of a third molecule C. For example, the effect of
the binding of transcription factors on the requlatory region of a gene is in-
fluenced by the other transcription factors already bound at nearby sites on
the DNA, see [Barash et al., 2003], In this case A is a nonlinear function
of two or more of the gene expression levels, x;, j =1,2,...q, ¢ > 2.

12.6. Conclusions

The levels of gene expression observed experimentally depend on interac-
tions between many genes executed at the DNA, RNA, and protein levels.
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There is insufficient information to determine the local and global prop-
erties of the gene-gene interaction network A from the final expression z;
of just a few experiments. But, that does not mean that no properties of
A can be determined. In fact, important mathematical properties of this
network can be determined from that data. For example, [Shehadeh et al.,
2006] demonstrated that, for some networks, the statistical properties of
the elements of the matrix form of A are related to the statistical proper-
ties of xy. The hard part is to determine, which existing or newly defined
properties of these interaction functions A can be determined from the ex-
isting or newly defined properties of z;. If mathematical properties can be
found that have important and useful biological relevance, they may give
us deep insight into how these networks function and how we could alter
them to cure diseases.
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At the present time, strange attractors can be classified into three prin-
cipal classes: hyperbolic, Lorenz-type, and quasi-attractors. The hyper-
bolic attractors are the limit sets for which Smale’s Axiom A is satisfied
and are structurally stable. Periodic and homoclinic orbits are dense and
are of the same saddle type. The Lorenz-type attractors are not quite
structurally stable, although their homoclinic and heteroclinic orbits are
structurally stable (hyperbolic), and no stable periodic orbits appear un-
der small parameter variations. The quasi-attractors are the limit sets
enclosing periodic orbits of different topological types and structurally
unstable orbits.

In this paper, some new open problems are proposed. These prob-
lems are related to transforming non-chaotic dynamical systems to a
specific defined type of chaos (one of the three types defined above) and
transforming a defined type of chaos to another defined one (also one of
the three types defined above). These questions have not been previously
addressed in the literature. Solving such a problem opens an interesting
field in chaos studies concerned with the classification and determina-
tion of the type of chaos observed experimentally, proved analytically,
or tested numerically in theory and practice.
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13.1. Introduction

In this paper, we state some new open problems related to the well known
terminology chaotification or anticontrol of chaos, which is the reverse of
suppressing chaos in a dynamical system. The aim of this process is to
create or enhance the system complexity for some special novel, time-
or energy-critical interdisciplinary application. Examples include high-
performance circuits and devices, liquid mixing, chemical reactions, biologi-
cal systems, crisis management, secure information processing, and critical
decision-making in politics, economics, military applications, etc. Many
chaotification methods have been proposed to create or enhance the sys-
tem complexity for several novel, time- or energy-critical interdisciplinary
applications as mentioned above. For example, chaotification schemes were
presented for discrete mappings in [Li, 2004; Lai &Chen, 1997, 2003; Chen
& Lai, 1997(a-b), 1998; Chen et al., 1998; Lin et al., 2002; Wang & Chen,
1999, 2000; Li et al., 2002 (a-b-c); Zeraoulia & Sprott, 2010] using Lyapunov
exponents, or by the use of several modified versions of the Marotto theorem
[Marotto, 1978, 2005; Chen et al., 1998; Lin et al., 2002], or by the use of
the Li-Yorke definition of chaos [Li & Yorke, 1975]. Also, many chaotifica-
tion methods have been proposed to generate chaos in continuous-time sys-
tems including differential-geometry control [Chen, 2003; L et al., 2002],
time-delayed feedback [Wang & Chen, 2000], and switching piecewise-linear
control [Li et al., 2002]. Recently, an effective strategy for anticontrolling
chaos in continuous-time systems has been discussed [Yang et al., 2005]
using a new homogeneity-based approach with the p-normal forms of non-
linear systems.

13.2. Hyperbolification of Dynamical Systems

In this section, we give some new open problems concerning the transfor-
mation of a dynamical system, not necessarily hyperbolic, to a hyperbolic
system that exhibits chaos. We call this procedure hyperbolification, by
which we mean a method that creates system complexity by using a hyper-
bolicity criterion that is well developed in theory. Generally, the dynamics
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of a system is interesting if it has a closed, bounded, and hyperbolic attrac-
tor, i.e., the coexistence of highly complicated long-term behavior, sensitive
dependence on initial conditions, and the overall stability of the orbit struc-
ture. Elsewhere, the dynamics is trivial from the viewpoint of chaos theory.
For a better description of these problems, we give a short description of
hyperbolicity theory with some major definitions and principal results. In-
deed, the Smale horseshoe map [Smale, 1967] extracted from a study of
relaxation oscillations by discerning a geometric picture in the horseshoe
shape is the most important map in chaos theory characterized by the exis-
tence of infinitely many robust periodic orbits. Most known mathematical
and physical models exhibit this phenomenon, i.e., these models are hy-
perbolic in the sense that the tangent space at each point splits into two
complementary directions such that the derivative contracts one of these
directions and expands the other at uniform rates. In other words, let
f:Q CR® — R” be a C" real function that defines a discrete map also
called f and © is a manifold. Hence (a) A point x is a non-wandering point
for the map f if for every neighborhood U of = there is a £ > 1 such that
¥ (U)NU is nonempty. (b) The set of all nonwandering points is called
the nonwandering set of f. (¢) An f-invariant subset A of R™ satisfies
f(A) C A. Then one has the following definitions given in [Abraham &
Marsden, 1978]:

Definition 13.1. If f is a diffeomorphism defined on some compact smooth
manifold Q C R", an f-invariant subset A of R™ is said to be hyperbolic if
there exists a 0 < A < 1 and a ¢ > 0 such that

(1) TAQY = ES @ E", where @ means the algebraic direct sum.
(2) Df (z) E = E%(,, and Df (x) EY = = LY, for each z € A.
(3) HkavH < cA\F ||v|| for each v € ES and k > 0.
(4) ||[Df~*v|| < ek ||v]| for each v € E* and k > 0.

where E°, E* are, respectively, the stable and unstable submanifolds of the
map f, i.e., the two D f-invariant submanifolds, and E;, E¥ are the two
Df (z)-invariant submanifolds. For a compact surface, a result of Plykin
implies that there must be at least three holes for a hyperbolic attractor
and it looks locally like a Cantor set (in the stable direction) x an interval
(in the unstable direction). Also, hyperbolic attractors have dense periodic
points and a point with dense orbits.

For continuous-time dynamical systems, a hyperbolic subset A of R™ can
be defined as follows: Let f : Q C R — R™ be a C" real function that
defines a continuous-time system also called f and 2 is a manifold. Let M
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be a closed 3-manifold and f be a C! vector field with generating flow f;,
t € R. Given p € M, then: (a) The w-limit set of p, denoted by w(p) is the
set of points € M such that x = lim,,_, ft, (p) for some sequence of real
numbers ¢, — co. (b) A compact invariant set A of f is isolated if there
exists an open set A C U such that A = Ner ft(U). (¢) If f(U) C U for
t > 0, then A is an attracting set. (d) The topological basin of an attracting
set A is the set W*(A) = {z € M : limy_, 4o dist (fe(x),A) =0}. (e) A
compact invariant set A of f is transitive if A = w(p) for some p € A. (f) A
compact invariant set A of f is attracting if it realizes as N~ f:(U) for some
compact neighborhood U called the basin of attraction. (g) An attractor
is a transitive attracting set. (h) An attractor, or repeller, is proper if it is
not the whole manifold M. (1) An invariant set of f is non-trivial if it is
neither a periodic orbit nor a singularity.

Now assume that all basins of attraction are smooth manifolds with
boundaries transverse to f. Then we have the following definition:

Definition 13.2. A compact invariant set A of f is hyperbolic if there
exist positive constants K and A and a continuous invariant tangent bundle
decomposition TAM = E5 & E{ @ EY, such that:

(i) B} is contracting, i.c., ||Dfi(z)|g: || < Ke ™, Vt > 0,Vz € A.
Df_¢(z) |py || < Ke ™, Vt >0,V € A.

(i) E/{ is expanding, i.e.,
(iii) E/{ is tangent to f.

By this definition, it follows that (a) a hyperbolic attractor is an attractor
that is simultaneously a hyperbolic set, (b) a hyperbolic repeller is a hy-
perbolic attractor for the time-reversed vector field, and (c) a closed orbit
of f is hyperbolic if it is hyperbolic as a compact invariant set of f. In
this case, the nontrivial hyperbolic attractor A is often called a hyperbolic
strange attractor, and this is equivalent to the fact that E§ # 0 for the
corresponding hyperbolic splitting of A. The above definition implies that
in strange attractors of the hyperbolic type, all orbits in phase space are of
the saddle type and the invariant sets of trajectories approach the original
one in forward or backward time, i.e., the stable and unstable manifolds
intersect transversally.

Now a hyperbolic set A is locally maximal (or isolated) if there exists an
open set U such that A is the union of all images of U under the applications
f", where n € Z. Note that the Smale horseshoe and the Plykin attractor
are examples of locally maximal attractors (for the Smale horseshoe, every
point for which all iterates lie in the rectangle D define this map). In fact,
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if a A is a hyperbolic set with a nonempty interior for a map f, then f is
Anosov if it is transitive, locally maximal, and 2 is a surface. These types of
hyperbolic sets have properties including the following: shadowing, struc-
tural stability, Markov partitions, and SRB measures for attractors. When
A = Q, then the diffeomorphism f is called an Anosov diffeomorphism or
uniformly hyperbolic. Thus we have the following definition:

Definition 13.3. (1) The map f is uniformly hyperbolic or an Aziom
A diffeomorphism if (a) The nonwandering set 2(f) has a hyperbolic
structure, (b) The set of periodic points of f is dense in Q(f), i.e.,
Cl(Per(f)) = Q(f), the closure is the non-wandering set itself. (2) If
@' is a flow, then ¢ : Q C R® — R" is an Anosov flow if for every z € Q
there is a splitting of the tangent space T,Q = E* @ E° @ E*, where E°
is the flow direction and there are constants C' > 0 and A € (0,1) such
that for every ¢ > 0, one has ||[Dp! (v)]| < el ||v]| for each v € E*, and

Do~ (v)|| < el ||v]| for each v € E“.

We notice that the stable and unstable subspaces E° and E* depend
continuously on the point x and they are invariant and interchanged when
one passes from a map to its inverse. Furthermore, not every manifold
admits an Anosov diffeomorphism or flow. For instance, the hairy ball the-
orem shows that there is no Anosov diffeomorphism on the 2-sphere. It is
unknown whether the universal cover of a manifold that admits an Anosov
diffeomorphism must be R™ for some n. Anosov diffeomorphisms are rather
rare, and every known one of them is a generalization of automorphisms
of a nilmanifold up to topological conjugacy such as the Smale horseshoe.
An example of Anosov flows is the free-particle motion, or the mechani-
cal system called geodesic flow on a compact surface (it looks locally like
a mountain-pass landscape or the inner rim of a doughnut) of negative
curvature. The main reason is that at every point the phase space can
be decomposed into contracting and expanding directions. The most im-
portant features resulting from hyperbolicity are the coexistence of highly
complicated long-term behavior, sensitive dependence on initial conditions,
and the overall stability of the orbit structure. In fact, Axiom A diffeomor-
phisms serve as a model for the general behavior at a transverse homoclinic
point, where the stable and unstable manifolds of a periodic point intersect,
i.e., the study of homoclinic bifurcations [Anosov, 1967]. More generally, if
M is a C*° compact manifold without a boundary and if F! (M) denotes
the set of diffeomorphisms f € Dif f' (M) having a C* neighborhood U
such that all the periodic points of every g € U are hyperbolic, then a proof
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of a conjecture of Mané given in [Mané, 1982] claiming that every element
of F1 (M) satisfies Axiom A was given in [Hayashi, 1992].

To define the Morse-Smale diffeomorphisms, we need the definition of
the Kupka-Smale diffeomorphisms given by the following:

Definition 13.4. The diffeomorphism f is Kupka-Smale if all its periodic
orbits are hyperbolic and moreover if for any periodic points p and ¢, the
unstable manifold W*(p) of p and the stable manifold W#(q) of ¢ are in a
general position, i.e., at any intersection point x € W*(p)NW*(q), we have
T.M =T, W¥(p) + T.W?*(q).

It was shown in [Kupka, 1963; Smale, 1963] that for any r > 1, the set of
Kupka-Smale Gk diffeomorphisms is a dense subset of diffeomorphisms
defined in 2 and of class C" denoted by Dif f"(€2) and equipped by the C"-
topology. As recent result, it was proved in [Pujals, 2008] for a given topo-
logically hyperbolic attracting set of a smooth three-dimensional Kupka-
Smale diffeomorphism, that either the set is hyperbolic or the diffeomor-
phism is C''-approximated by another one exhibiting either a heterodimen-
sional cycle or a homoclinic tangency. Thus the Morse-Smale diffeomor-
phism is defined by the following:

Definition 13.5. The diffeomorphism f is Morse-Smale if it is a Kupka-
Smale diffeomorphism whose nonwandering set 2(f) (or equivalently whose
chain-recurrent set R(f)) is finite.

If C"(M) is the space of C" vector fields, for any r > 1, and C}, (M)
is the subset of divergence-free vector fields defining incompressible (or

conservative) flows, then the following result was proved in [Araujo & Bessa,
2008]:

Theorem 13.1. (a) There exists a generic subset R C CL(M) such that
for fEeR,

e cither [ is Anosov,

e or else for Lebesgque almost every p € M all the Lyapunov exponents
of ft are zero.

(b) Let € > 0 be an open subset U of M and a non-Anosov vector field
f € CL(M) be given. Then there exists a g € Cl(M) such that g is C"-e-
close to g and gt has an elliptic closed orbit intersecting U.

(¢) There exists an open and dense subset G C C7(M) such that for ev-
ery [ € G with a regular invariant set A (not necessarily closed) satisfying:

e the linear Poincaré flow over A has a dominated decomposition; and
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e A has positive volume: u(A) > 0; then f is Anosov, and the closure
of A is the whole of M.

The most important property of a hyperbolic diffeomorphism is the
structure of its invariants, in particular, corresponding iterated attrac-
tors, especially hyperbolic attracting sets with an isolating neighborhood
or Lyapunov-stable attractors, which implies that all unstable manifolds lie
in the attractor. Examples of a such situation are the Plykin attractor and
the Smale-Williams solenoid.

Definition 13.6. (a) A hyperbolic set is defined to be a compact invariant
set A of a diffeomorphism f such that the tangent space at every x € A
admits an invariant splitting that satisfies the contraction and expansion
conditions described in (3) and (4) of Definition 1.

(b) A locally maximal hyperbolic set is the largest invariant set in a
small neighborhood of the hyperbolic set.

Hyperbolic flows can be obtained from diffeomorphisms using the so-
called special flows constructed as follows: (a) Choose a hyperbolic diffeo-
morphism f on a space §2. (b) Define using the unit-speed upward motion
on {(z,t) :x € Q,0 <t <¢(x)}, the special flow over f and under a roof
function ¢. The suspension flow is a special flow under the function ¢ = 1.
This flow is never topologically mixing because at integer times the image
of Q x (07 %) is disjoint from € x (%, 1). But, for a generic roof function,
the corresponding special flow over a topologically mixing Anosov flow is
itself topologically mixing.

In what follows, we give some examples of hyperbolic systems. The
first example is the Anosov diffeomorphisms on the torus T™. This includes
Anosov automorphisms (toral automorphisms) defined as follows:

Definition 13.7. An automorphism is a hyperbolic, linear diffeomorphism
on the torus T™ = R™/Z" into itself.

Toral automorphisms have the following properties (and for any transi-
tive Anosov diffeomorphisms) that can be obtained using symbolic model
as shown in [Yoccoz, 1993]: (a) The periodic points are dense. (b) There
exists a point whose orbit is dense. (c) There are many ergodic invariant
probability measures with full support. For example, the map defined by

11 21
the matrix (1 O) and its square ( 345 Dye

) has an entropy of log =5

11
to the result proved in [Manning, 1974], it is sufficient to consider only
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the automorphisms on the torus T™ instead of nonlinear Anosov mappings
since every Anosov diffeomorphism f of T™ such that Q(f) = T is topo-
logically conjugate to some Anosov automorphism of T™. It was proved
in [Arrowsmith, 1990] that Anosov diffeomorphisms have complicated non-
wandering sets. That is, a point # € T" is a periodic point of the Anosov
automorphism f : T" — T" if and only if § = 7 (z) where z € R™ has
rational coordinates. The map 7 is defined in some way and is related to
the automorphism f : T® — T". In this case, the map f has infinitely many
periodic points that are dense in the torus T™. All these points lie in the
non-wandering set Q (f) of f, and, since Q (f) is closed, and one concludes
that Q (f) = T™. Furthermore, it was shown in [Mather, 1968] that Anosov
diffeomorphisms on T™, n > 2, are structurally stable on a compact mani-
fold whose non-wandering set contains infinitely many points, i.e., Anosov
diffeomorphisms on T" are structurally stable in Dif f!(T"), which implies
that the dynamics on Q (f) are very complicated, involving infinitely many
hyperbolic periodic orbits densely distributed over the torus T™. A recent
result on the topic of hyperbolic automorphisms of the 2-torus is given
in [Anosov et al., 2008] where the existence of an isomorphism between a
deterministic dynamical system and a random process was established via
an example of the circle expanding map (a map is called expanding if the
length of any tangent vector field grows exponentially under the action of
the differential of the map). A classification of hyperbolic toric automor-
phisms was also done, and the notion of the simplest Markov partitions was
discussed in a new way with their suggested classification.
The second example is the so-called Blaschke product defined by

B(z) =g (12_;21) (12_:;2) <1Z_Zaa”n) (13.1)

where n > 2, a; € C; |a;] < 1,5 = 1,...,n and 0y € C with |0y| = 1. The
map (13.1) is rational in C, and it is an analytic function in a neighborhood
of the unit disc D. The map B maps the unit circle T to itself. In [Pujals
et al., 2006], the family of Blaschke products given by {Byg},cr = {0B}ycrp
was considered, and it was proved that this family is expanding or has a
unique attracting or indifferent fixed point.

The third example is the Bernoulli map defined by

D1 = 20, ( mod2) (13.2)

The map (13.2) is expanding, exhibits homogeneous chaotic dynamics as
shown in [Sinai, 1979; Devaney, 1989; Ott, 1993; Katok & Hasselblatt,
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1995], and it transforms the angle variable ¢ is a non-uniform way, but it
must be monotonous and possess the characteristic topological property.
The fourth example is the Arnold cat map [Anosov, 1967] given by

{ T el (13.3)

Yn+1 = T + 2yna (mOd]-)

which is the Anosov torus T2. The map (13.3) is conservative, i.e., the cat
face conserves under iteration the area of any domain in the (z,y) plane.
The map (13.3) has a hyperbolic chaotic attractor [Arnold, 1988; Buni-
movich, 2000] since it has two Lyapunov exponents expressed via eigen-

values of the matrix associated with it, i.e., Ay = M = 0.9624 and

Ay = _In(3+v5) = —0.9624, and their sum vanish. Finally, the second

iteration of t2he Fibonacci map yields the Arnold cat map.

In the following, we notice that the hyperbolic theory of dynamical
systems is widely used for characterizing the chaotic behavior of realistic
nonlinear systems, but it has never been applied to any physical object
with a continuous-time dynamical system. Generally, most known physi-
cal systems do not belong to the class of systems with hyperbolic attrac-
tors. Since hyperbolic strange attractors are robust (structurally stable)
[Mira, 1997], it is very interesting to find physical examples of hyperbolic
chaos, i.e., noise generators and transmitters in chaos-based communica-
tions. Recently, some continuous-time dynamical systems were constructed
and confirmed to be hyperbolic. The proof was given on the basis of the cor-
responding Poincaré mapping [Kuznetsov & Seleznev, 2006]. The method
most often used for such a construction is based on the use of coupled
self-sustained oscillators with alternating excitation and numerical calcula-
tion of diagrams illustrating the phase transfer [Hunt, 2000; Belykh et al.,
2005; Kuznetsov, 2005; Kuznetsov & Seleznev, 2006; Isaeva et al., 2006;
Kuznetsov & Pikovsky, 2007; Kuznetsov, 2008; Kuznetsov & Pikovsky,
2008; Kuznetsov & Ponomarenko, 2008] where additional coupling permits
the transfer of phases simultaneously from one partner to the other in order
to obtain a desired chaotic (hyperbolic) map on a circle or on a torus. No-
tice that some of the constructed continuous-time hyperbolic systems have
four variables such as the system in [Kuznetsov & Seleznev, 2006] given by

@/ = —2mu + (hy + Ay cos2nt/N) x — 1a°
u' =27 (z + ey cos 27t)

y' = —dmv + (hy — Az cos2nt/N)y — 3y°
v =Adr (y + e12?)

(13.4)
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and with six variables such as the system in [Kuznetsov & Pikovsky, 2007]
given by:

o) =woyr + (1 — a1 — 2as — 2a3) 21 + & (22y3 + 23y2)

yi = —wort + (1 — ar — $az — 2a3) y1

xTh = woys + (1 —as — %ag — 2a1) o + & (T1ys + x3y1) (13.5)
yy = —woxa + (1 — a2 — Las — 2a1) yo

oy =woys + (1 — a3 — a1 — 2az) 23 + & (w2y1 + 1Y2)

yh = —woxs + (1 — a3 — Lay — 2a) ys,

and with eight variables such as the system in [Isaeva et al., 2006] given by

" [A cos =&t 2’” 2] + wdz = ez coswot

y" — [Acos 2t 2” vy + wiy = ew (13.6)
2" — [~ Acos 2;‘5 2 ] 2+ dwdz = exy

w” — [~Acos 2t — w?| W + wiw = ez

Finally, from the above description, we can conclude that hyperbolic at-
tractors are the limit sets for which Smale’s Axziom A is satisfied and they
are structurally stable and periodic with homoclinic orbits that are dense
and of the same saddle type, i.e., the same index (the same dimension
for their stable and unstable manifolds) [Ott, 1993; Katok & Hasselblatt,
1995]. In fact, hyperbolic chaos is often called true chaos from the rig-
orous mathematical point of view and is characterized by a homogeneous
and topologically stable structure as shown in [Anosov, 1967; Smale, 1967;
Ruelle & Takens, 1971; Guckenheimer & Holmes, 1983].

Problem 13.1. Let f : Q CR™ — R"™ be a C" real function that defines a
discrete map also called f, not necessarily hyperbolic, and Q) is a manifold.
Find a controller u such that the function f+u: Q' C R® — R™ defines
a non-trivial hyperbolic (true) chaotic map in the sense of Definition 1. Or
find another method to do that. Here Q' is the domain of definition of f+u.

Problem 13.2. Let f : Q CR™ — R" be a C" real function that defines a
continuous-time system also called f, not necessarily hyperbolic, and €2 is a
manifold. Find a controller u such that the function f+u: Q' C R® — R
defines a non-trivial hyperbolic (true) chaotic continuous-time system in the
sense of Definition 2. Or find another method to do that. Here Q) is the
domain of definition of f + u.
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13.3. Transforming Dynamical Systems to
Lorenz-Type Chaos

In this section, we give some new open problems concerning the transfor-
mation of a dynamical system, not necessarily of the Lorenz-type, to a
Lorenz-type system that exhibits chaos. Before doing that, we will give
a short description with some definitions and results concerning the the-
ory of Lorenz-type systems. Indeed, the Lorenz-type attractors (close in
their structure and properties to robust hyperbolic attractors) are not quite
structurally stable, although their homoclinic and heteroclinic orbits are
structurally stable (hyperbolic), and no stable periodic orbits appear under
small parameter variations. Examples of such a case are the Lorenz system
itself [Lorenz, 1963], the Belykh attractor [Belykh, 1982-1995], and the Lozi
attractor [Lozi, 1978], considered as a Lorenz-type attractor realized in a
two-dimensional map (at least one of the three conditions of hyperbolic-
ity given in Definition 1 is violated). These attractors are considered as
examples of truly strange attractors [Shil’nikov, 1981], i.e., for example in
the Lorenz attractor, all trajectories are saddles, and the variation of pa-
rameters does not create stable points or cycles [Bykov & Shil’nikov, 1989;
Afraimovich et al., 1982]. This implies that for certain sets of parameter
values, the Lorenz system has the key properties of hyperbolic attractors,
which confirms that this system is not completely hyperbolic. For this rea-
son, the Lorenz system is sometimes called quasi-hyperbolic [Afraimovich
et al., 1977; Mischaikow & Mrozek, 1995-1998]. The Lorenz-type systems
differ from robust hyperbolic attractors by the existence of a local violation
of homogeneity (the birth of non—robust homoclinic trajectories) due to the
presence of singular phase trajectories belonging to another saddle type, i.e.,
saddle equilibrium states that have different dimensions of its manifolds, or
separatrix circuits, just like the Lorenz attractor, which includes a denu-
merable set of separatrix loops of the saddle equilibrium state as shown in
[Williams, 1977; Afraimovich et al., 1977; Shil’'nikov, 1980]. From the view-
point of bifurcations, an attractor is a Lorenz-type if it has non-dangerous
trajectories with a zero measure on the attractor, i.e., their appearance and
disappearance should not lead to the birth of stable trajectories and affect
the structure of the chaotic hyperbolic set. In fact, Lorenz-like attractors
can appear from singular cycles, and they are characterized in a robust way
by the presence of infinitely many periodic orbits in any neighborhood of a
singularity. Hence, from the above considerations, the Lorenz-like attrac-
tors can be defined as follows [Araujo & Pacifico, 2008]:
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Definition 13.8. A Lorenz-like attractor is an attractor with the following
characteristics:

(1) It is a robust, transitive attractor, which is not hyperbolic.

(2) The origin (0,0,0) accumulates hyperbolic periodic orbits.

(3) The attractor has sensitive dependence on initial conditions (is
chaotic).

Recent results can be found in [Komuro, 1984; Morales et al., 1998; An-
ishchenko et al., 2002; Klinshpont et al., 2005; Bautista & Morales, 2006;
Klinshpont, 2006; Alves et al., 2007; Araujo & Pacifico, 2007; Araujo &
Bessa, 2008; Araujo & Pacifico, 2008]. Now let A be an attractor of a
Lorenz-like system in a compact boundaryless 3-manifold M. Let C*(M)
denote the set of C'* vector fields on M endowed with the C* topology. Thus
it was claimed in [Araujo & Pacifico, 2008] that Lorenz-like attractors have
the following properties: (1) There is an invariant foliation whose leaves are
forward contracted by the flow. (2) There is a positive Lyapunov exponent
for every orbit. (3) They are expansive and thus sensitive to initial data.
(4) They have zero volume if the flow is C2. (5) There is a unique physical
measure whose support is the whole attractor and which is the equilibrium
state with respect to the center-unstable Jacobian.

The best known example of a Lorenz-type system is the original Lorenz
system itself [Lorenz, 1963] given by

@' =0y -z
Yy =rx—y—uxz (13.7)
2= —bz+uwy

which is the first known case of a fully non-hyperbolic persistent and
transitive attractor for all sufficiently small variations of the parameters
o =10,b = %, and r = 28 in which periodic and homoclinic orbits are
everywhere dense.

The second example of this situation is Lozi map [Lozi, 1978] given by

{:En+11a|:cn|+yn

b (13.8)

where a and b are real parameters. The Lozi map (13.8) is considered
as a Lorenz-type attractor realized in a two-dimensional map. It is known
that dangerous tangencies are an essential characterization of the dynamics
of the Hénon map (13.9) [Hénon, 1976] below. This phenomenon can be
avoided by using piecewise-smooth functions [Banerjee & Grebogi, 1999]
as in the case of the Lozi map (13.8). We notice that the Lozi strange



How to Transform a Type of Chaos in Dynamical Systems? 243

attractor has a nearly hyperbolic structure (it is a piecewise affine uniformly
hyperbolic map) except on the y-axis where the Lozi map (13.8) is not
differentiable, and by the influence of the singularities on the y-axis, the
dynamics of the Lozi map (13.8) is quite delicate [Misiurewicz, 1980]. In
fact, the Lozi map (13.8) is close to the Lorenz attractor given by (13.7).
A detailed study of the Lozi mapping (almost all known results in the
literature) can be found in the forthcoming book [Zeraoulia, 2011].

Now we state two open problems on the topic of transforming an arbi-
trary dynamical system to a Lorenz-type system:

Problem 13.3. Let f: Q C R® — R" be a C" real function that defines
a discrete map also called f, not necessarily of the Lorenz-type, and Q2 is a
manifold. Find a controller u such that the function f+u: ' C R® — R"
defines a mon-trivial Lorenz-type map in the sense of Definition 11, or find
another method to do that. Here Q) is the domain of definition of f + u.

Problem 13.4. Let f : Q C R®" — R™ be a C" real function that defines
a continuous-time system also called f, not necessarily of the Lorenz-type,
and Q is a manifold. Find a controller u such that the function f+u: Q' C
R™ — R™ defines a non-trivial Lorenz-type continuous-time system in the
sense of Definition 11, or find another method to do that. Here ) is the
domain of definition of f + u.

Problem 13.5. In particular, let f: Q2 C R™" — R"™ be a C" real function
that defines a Lorenz-type discrete map also called f, and Q is a manifold.
Find a controller u such that the function f+u : Q' C R®™ — R" defines
a non-trivial hyperbolic map in the sense of Definition 1, or find another
method to transform a Lorenz-type chaotic map to a hyperbolic chaotic map,
and vice versa. Here Q) is the domain of definition of f + w.

Problem 13.6. In particular, let f: QQ CR™ — R”™ be a C" real function
that defines a Lorenz-type continuous-time system also called f, and Q) is a
manifold. Find a controller u such that the function f+u: Q' C R" —
R™ defines a mon-trivial hyperbolic continuous-time system in the sense
of Definition 2, or find another method to transform a Lorenz-type chaotic
continuous-time system to a hyperbolic chaotic continuous-time system, and
vice versa. Here Q) is the domain of definition of f + u.
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13.4. Transforming Dynamical Systems to Quasi-Attractor
Systems

In this section, we give some new open problems concerning the trans-
formation of a dynamical system, not necessarily a quasi-attractor, to a
quasi-attractor system that exhibit chaos. Before doing that, we will give
a short description with some definitions and results concerning the the-
ory of quasi-attractor systems. Indeed, quasi-attractors are the limit sets
enclosing periodic orbits of different topological types (for example stable
and saddle periodic orbits) and structurally unstable orbits. Most known
observed chaotic attractors are quasi-attractors [Afraimovich & Shil’nikov,
1983; Lichtenberg & Lieberman, 1983; Rabinovich, 1984; Schuster, 1984;
Neimark & Landa, 1989; Anishchenko, 1990; Anishchenko, 1995]. This
type of attractor has applications such as in neurodynamics [Fujii et al.,
2007(a-b)]. These attractors have the following important properties: (1)
They have separatrix loops of saddle-focuses or homoclinic orbits of sad-
dle cycles at the point of tangency of their stable and unstable manifolds
because they enclose non-robust singular trajectories that are dangerous.
(2) A map of Smale’s horseshoe-type appears in the neighborhood of their
trajectories. This map contains both a non-trivial hyperbolic subset of tra-
jectories and a denumerable subset of stable periodic orbits (Shil'nikov’s
theorems [Shil'nikov, 1965; Gavrilov & Shil’nikov, 1973] and Newhouse’s
theorem [Newhouse, 1980]). (3) The quasi-attractor is the unified limit set
of the whole attracting set of trajectories including a subset of both chaotic
and stable periodic trajectories, which have long periods and weak basins
of attraction and stability regions. This is a result of the effect that this
attractor is holed by a set of basins of attraction of different periodic orbits.
(4) The basins of attraction of stable cycles are very narrow. (5) Some or-
bits do not ordinarily reveal themselves in numerical simulations except in
some large stability windows where they are clearly visible.

Hence, quasi-attractors have a very complex structure of embedded
basins of attraction in terms of initial conditions and a set of bifurcation pa-
rameters of non-zero measure. The principal cause of this complexity is the
homoclinic tangency of stable and unstable manifolds of saddle points in
the Poincaré section [Gavrilov & Shil’nikov, 1973; Afraimovich et al., 1983,;
Afraimovich & Shil’nikov, 1983]. This phenomenon implies that a rigorous
mathematical description of quasi-attractors is still an open problem be-
cause almost all nonhyperbolic attractors are obscured by noise. Some new
numerical and analytical results on this topic can be found in [Luchinski,
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1999; Changming, 2005; Wang & Fang, 2006]. The necessary and suffi-
cient condition for the existence of a quasi-attractor was given in [Zuo &
Wang, 2007] by generalizing some results of Conley based on the connection
among the attractor, the attractor neighborhood, and the domain of influ-

ence. Some examples of quasi-attractors include the Hénon map [Hénon,
1976] given by

{xn+1:1—ax%+yn

b (13.9)

the Anishchenko-Astakhov oscillator [Anishchenko, 1990, 1995] given by

¥ =mz+y—zxz
y =—x

(13.10)
Z=—gz+g. {

1,z>0 22
0,z<0°

the Strelkova-Anishchenko map [Strelkova & Anishchenko, 1997] (two cou-
pled logistic maps) given by

{an =1— ozl +7 Yo —xn) (13.11)
Yns1 =1 —ay? +7 (zn — yn)

and Chua’s circuit [Matsumoto et al., 1985] given by

o' =a(y— (miz+ 5(mo —mi) (| + 1] — |z — 1])))
S — oyt a (13.12)

!

2= —py

A detailed study of the Hénon mappings and the Chua’s circuit (almost
all known results in the literature) can be found in the book [Zeraoulia &
Sprott, 2010].

Now, we state six open problems about the topic of transforming an
arbitrary dynamical system to a quasi-attractor system:

Problem 13.7. Let f: Q C R® — R"™ be a C" real function that defines
a discrete map also called f, not necessarily of the quasi-attractor type,
and ) is a manifold. Find a controller u such that the function f + u :
Q' C R" — R"™ defines a non-trivial quasi-attractor map, or find another
method to do that. Here Q' is the domain of definition of f + u.

Problem 13.8. Let f : Q C R® — R” be a C" real function that de-
fines a continuous-time system also called f, not necessarily of the quasi-
attractor type, and € is a manifold. Find a controller u such that the
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function f+wu : Q C R® — R" defines a non-trivial quasi-attractor
continuous-time system, or find another method to do that. Here ' is the
domain of definition of f + u.

Problem 13.9. In particular, let f: Q C R — R"™ be a C" real function
that defines a discrete quasi-attractor map also called f, and Q is a man-
ifold. Find a controller u such that the function f +u : Q' C R" — R”
defines a non-trivial hyperbolic map in the sense of Definition 1, or find
another method to transform a quasi-attractor chaotic map to a hyperbolic
chaotic map, and vice versa. Here Q' is the domain of definition of f + u.

Problem 13.10. In particular, let f : Q@ C R™ — R"™ be a C" real function
that defines a continuous-time quasi-attractor system also called f, and ) is
a manifold. Find a controller u such that the function f+u:Q C R" —
R™ defines a non-trivial hyperbolic continuous-time system in the sense of
Definition 2, or find another method to transform a quasi-attractor chaotic
continuous-time system to a hyperbolic chaotic continuous-time system, and
vice versa. Here Q) is the domain of definition of f + u.

Problem 13.11. In particular, let f: Q C R" — R"™ be a C" real func-
tion that defines a discrete quasi-attractor map also called f, and Q is a
manifold. Find a controller u such that the function f+u: Q' C R — R"
defines a non-trivial Lorenz-type chaotic map in the sense of Definition 11,
or find another method to transform a quasi-attractor chaotic map to a
Lorenz-type chaotic map, and vice versa. Here Q' is the domain of defini-
tion of f + u.

Problem 13.12. In particular, let f : Q@ CR™ — R"™ be a C" real function
that defines a continuous-time quasi-attractor system also called also f,
and Q0 is a manifold. Find a controller u such that the function f + u :
Q' C R* — R"™ defines a non-trivial chaotic continuous-time system of
the Lorenz-type in the sense of Definition 11, or find another method to
transform a chaotic continuous-time system of the quasi-attractor type to
a chaotic continuous-time system of the Lorenz-type, and vice versa. Here
Q' is the domain of definition of [ + w.

13.5. A Common Classification of Strange Attractors of
Dynamical Systems

Generally, at the present time, strange attractors can be classified into three
principal classes [Anishchenko & Strelkova, 1997; Plykin, 2002]: hyperbolic,
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Lorenz-type, and quasi-attractors, described with some of their principal
properties in the above sections. For these classes, the chaos can be proved
by finding a positive Lyapunov exponent, a continuous frequency spectrum,
fast decaying correlation functions, etc. We notice that this classification
is based on the rigorous mathematical analysis and is not accepted as sig-
nificant from the experimental point of view. In fact, it was shown in [An-
ishchenko & Strelkova, 1998] that properties of these types of chaotic attrac-
tors are basically different. The presence of homoclinic tangencies of the tra-
jectories is the most common property of quasi-attractors and Lorenz-type
attractors, and the difference between them is that quasi-attractors contain
a countable subset of stable periodic orbits. The Lorenz-type attractors can
be studied using statistical methods because they admit the introduction
of reasonable invariant measures, contrary to the quasi-attractors. Hence a
rigorous foundation for studying characteristics of these attractors such as
Lyapunov exponents can be employed. In this case, hyperbolic and Lorenz
attractors are called stochastic. The presence of saddle-focus homoclinic
loops in the quasi-attractors implies that this type is more complex than
the hyperbolic and Lorenz-type attractors. Hence quasi-attractors are not
suitable for some potential applications of chaos such as secure communi-
cations and signal masking. Hence we state the following problem:

Problem 13.13. Determine the type of chaos (one of the three types de-
fined above) resulting from the several techniques of chaotification well
known in the literature.

Of course, to solve such a problem, one may use the resulting expressions
of maps (systems) resulting from the application of a specific chaotification
method.
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